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Abstract—Observations of X-ray binaries indicate substantial half-thicknesses for the accretion disks in
these systems (up to h/R ≈ 0.25, where h is the disk half-thickness and R its radius), while standard α
accretion disks predict appreciably smaller half-thicknesses. We study the theoretical vertical structure of
such disks using two independent numerical methods, and show that their maximum half-thicknesses in
the subcritical regime cannot exceed h/R ≈ 0.1. We consider various reasons for the apparent increase in
the disk thickness, the most probable of which is the presence of matter above the disk in the form of a
hot corona that scatters hard radiation from the central source and inner parts of the disk. As a result, the
observed thickness of the disk and the illumination of its outer parts effectively increase. This mechanism
can also explain both the optical-to-X-ray flux ratio in these systems and the observed parameters of
eclipsing X-ray binaries.
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1. INTRODUCTION

It is currently believed that disk accretion provides
the source of energy radiated by various astrophys-
ical objects. In disk accretion, matter rotates about
a gravitating center along essentially circular orbits
approximately in a single plane. The disk radiates due
to viscous friction, and the matter drifts towards the
center. Present models for accretion disks are based
on (or are inevitably compared with) the theory de-
veloped by Shakura and Syunyaev [1] in 1973, which
has since acquired the status of a standard model
of accretion in binaries and galactic nuclei (see, for
example, [2, 3]). Models based on Shakura–Sunyaev
accretion-disk theory can explain both the overall
energy released by the objects (X-ray binaries, cata-
clysmic variables, active galactic nuclei) and, in many
cases, the spectral energy distributions (SEDs) and
dynamics of non-stationary events occurring in them.
In particular, dwarf and X-ray nova outbursts are very
consistent with the α-disk model when the partial
ionization of hydrogen in their outer regions is taken
into account [4–7]. The light curves of X-ray novae
are in good agreement with the non-stationary α-disk
model [8–9] at the stage of viscous evolution, when
the disk material is totally ionized. In general, the dy-
namics of disk accretion in real astrophysical objects
is adequately described under the assumptions of the

thin α-disk model (see, however, the discussion in
Section 6).

The geometrical thicknesses of real accretion
disks in close binaries have been estimated using
various indirect methods. There is some evidence in
a number of cases that the relative half-thickness
of the disk is appreciable, exceeding the thickness
of a standard thin Shakura–Syunyaev disk by the
factor of 1.5–3. Thus, there is a discrepancy between
the disk thicknesses derived from the dynamics of
accretion disks and from their geometry, which is used
in models of radiation from binaries with accretion
disks.

Here, we model the vertical structure of the disk
and use two independent methods to obtain the ra-
dial dependence for the attainable disk thickness of
a standard accretion disk. We also discuss possible
reasons why a thin accretion disk may manifest itself
like a more extended object.

In general, the vertical structure of accretion disks
(both stationary and non-stationary) is described by a
system of four ordinary differential equations, whose
exact solution for specified boundary conditions can
be found using numerical techniques. Introducing the
equation for the angular momentum integrated over
the vertical coordinate enables us to find the radial
structure of a stationary accretion disk. The system of
differential equations for the vertical structure of the
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disk has been solved in a number of studies (see, for
example, [10–16]).

We consider two different approaches to solving
this system of equations. In the first approach, we
solved the system numerically, taking into account
the real opacity, together with the contributions of gas
and radiation pressure. We use values from opacity
tables for gas with solar chemical composition for the
Rosseland mean opacity [17–19].

The second approach, which was proposed and
realized in [15], involves searching for similar solu-
tions to the system of vertical structure equations
reduced to dimensionless form using the analytical
approximation for the opacity coefficient

κ = κ0ρ
ζ/T ν . (1)

This approximation has two versions, leading to
the disk being divided into two zones. The power-
law indices ζ and ν depend on the main processes
contributing to the opacity. Closer to the disk center,
Thomson scattering on free electrons dominates,
while photoionization of heavy-element ions and
free–free transitions dominates at larger distances.
The radiation pressure in these two zones can be
neglected.

Close to the disk center, where the radiation pres-
sure dominates in the case of high accretion rates,
the matter displays viscous (secular) and thermal
instabilities [20–22], while ionization–thermal insta-
bility develops at large distances, due to the onset
of hydrogen recombination [4]. Thus, in general, the
stable zone in the disk is restricted in radius both
from the inside and from the outside. For example,
for M ∼ 10 M�, Ṁ ∼ 1018 g/s, μ ∼ 0.6, and the
turbulence parameter α ∼ 0.1, the stationary zone
of the disk is situated between ∼9.3 × 107 cm and
∼6.5 × 1010 cm. However, taking into account the
illumination of the outer parts of the disk by hard
radiation from its central regions, this zone may be
extended to 1011 [23]. The presented results are valid
only in the stationary zones of accretion disks, where
the gas pressure dominates and hydrogen is totally
ionized.

In the following Section, the equations for the ver-
tical structure of a standard α disk are written out. In
Section 3, we describe the applied numerical solution
technique. Analytical radial dependences are derived
in Section 4, based on the method used to solve for
the vertical structure [15]. Section 5 compares the
radial dependences constructed based on the different
methods used to solve for the vertical structure. In the
concluding section, we discuss possible reasons for
the discrepancy between the theorеtically predicted
and observed thicknesses of disks.

2. BASIC EQUATIONS

Let us write the basic equations for stationary
disk accretion [1, 24]. We omit relativistic corrections,
which take into account general-relativistic effects
connected with accretion onto black holes, since we
will study regions far from the center. We will consider
geometrically thin, optically thick accretion α disks
without advection and mass loss from the surface.
This means, in particular, that the angular velocity of
the disk rotation at each radius R is equal to the Ke-
pler velocity ω =

√
GM/R3. The luminosity of such a

disk does not exceed the Eddington limit. The param-
eters specifying the disk structure are the mass of the
gravitating center M , the inner radius of the accretion
disk Rin, the accretion rate Ṁ , and the parameter α,
which characterizes the viscosity of the disk material.
Thus, we have the following equations for an axially
symmetric disk in cylindrical coordinates.

The continuity equation

2πRvr

h∫

−h

ρdz = Ṁ, (2)

where ρ is the density, vr the radial component of the
velocity of the matter, and h the half-thickness of the
disk.

The angular-momentum conservation equation

2π

h∫

−h

wrϕdz = Ṁωf(R), (3)

where wrϕ is the tangent component of the viscous-
stress tensor and f(R) a function containing infor-
mation on the boundary conditions of the viscous-
stress tensor. For a non-relativistic, stationary semi-
infinite disk without an outer boundary, f(R) = 1 −√

Rin/R, which corresponds to the condition that the
viscous stress is zero at the inner boundary of the disk.
Away from the central object, f(R) ∼= 1.

The condition of hydrostatic equilibrium in the z
coordinate

1
ρ

dP

dz
= −ω2z, (4)

where P is the total pressure in the disk, equal to the
sum of the radiation pressure Prad and gas pressure
Pgas, which is specified by the equation of state for an
ideal gas,

Pgas =
ρRT

μ
, (5)

μ is the mean molecular weight of the disk material,
and T is the temperature. The component of the vis-
cosity tensor at each point of the disk wrϕ is expressed
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in terms of the total pressure at this point using the
parameter α [24]:

wrϕ = αP. (6)

We assume that the energy in the disk is trans-
ferred in the z direction by radiation. In the case of the
Cramers opacity, convection does not develop [25].
We can write the frequency-integrated moments of
the stationary equation of radiative transfer: the zero
moment,

1
ρ

dQ

dz
= 4πκa(BT − J), (7)

and the first moment in the diffusion approximation,

1
3ρ

dεrad

dz
= −κr

Q

c
. (8)

The rate of energy generation is specified by the ex-
pression

dQ

dz
=

3
2
ωwrϕ. (9)

Here, κa is the frequency-averaged true opacity co-
efficient, which is equal to the Planck mean opacity
coefficient if the spectrum of the mean intensity at any
point equals the Planck function, κr is the Rosseland
mean absorption coefficient, Q the radiative energy
flux, BT = σSBT 4/π the Planck function integrated
over frequency, and J the mean intensity of the radia-
tion integrated over frequency, which is related to the
radiated energy density

εrad =
4πJ

c
. (10)

In the case of thermodynamic equilibrium, there ex-
ists a simple relation between the radiation energy
density and the radiation pressure:

Prad =
εrad

3
, (11)

which we will use below. The other notation is stan-
dard.

We will characterize the accretion disk model us-
ing the following physical quantities as functions of
the radial distance in the disk: the density and tem-
perature in the plane of symmetry of the disk for z = 0
ρc and Tc, the half-thickness of the disk h = z(τr =
2/3), where τr is the Rosseland optical depth of the
disk, and the surface density

Σ =

h∫

−h

ρdz.

These quantities must be found from (2)–(9) with
the corresponding boundary conditions. The follow-
ing section describes the solution method used.
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Fig. 1. The coordinate frame in the disk. The dashed line
corresponds to the plane of symmetry of the disk, and the
solid lines to the surface where τr = 2/3. The dot–dashed
line indicates the upper surface of the disk, where τr = 0.

Note that averaging the physical quantities over z
makes it possible to reduce the relations used to alge-
braic equations. If the opacity is taken in the form (1),
we obtain solutions analogous to those of [1].

3. A NUMERICAL SOLUTION
FOR THE VERTICAL STRUCTURE

EQUATIONS

At each radial distance in the disk, its vertical
structure can be determined from the solution of the
differential equations (4), (8), and (9) with corre-
sponding boundary conditions. We found the temper-
ature using using Eq. (7) for each depth, neglecting
the dQ/dz term; i.e., the temperature was determined
from the thermodynamical relation

BT = J =
σSBT 4

π
=

3cPrad

4π
.

As was shown in [11], including the dQ/dz term
in (7) (physically, this means that thermal energy is
generated at all depths in the disk) for effectively op-
tically thick disks results in the formation of a corona
above the disk; however, this affects the temperature
of inner optically thick disk layers only insignificantly.

For convenience, (4), (8), and (9) were rewritten in
the form

1
ρ

dP

dz′
= (z1 − z′)ω2, (12)

dQ

dz′
= −3

2
αPω, (13)

dPrad

dz′
=

ρκrQ

c
. (14)

ASTRONOMY REPORTS Vol. 51 No. 7 2007



552 SULEIMANOV et al.

We introduce here the new variable z′ = z1 − z
(Fig. 1), where z1 is a parameter formally correspond-
ing to the disk half-thickness for τr = 0 (in fact, it cor-
responds to the small optical depth τr ≈ 10−5−10−6

from which the calculations start).

Integrating (9) and taking into account (3), we
obtain

Q0 =
3
8π

ω2Ṁf(R). (15)

Here, Q0 = σSBT 4
eff is the energy flux radiated from

the disk surface at a given radius. This expression is
independent of details of the disk structure in the z
direction, and can be used as a boundary condition at
the disk surface.

We adopt the following boundary conditions at the
surface (z′ = 0):

Q(0) = Q0, ρ(0) = 0,

P (0) = Prad(0) =
2
3

Q0

c
.

The boundary condition in the plane of symmetry of
the disk is the requirement that the radiation flux be
zero:

Q(z′ = z1) = 0.

Thus, we have four boundary conditions for three
unknown functions of the independent variable z′.
With the given boundary conditions, (12)–(14) can
be solved using the method of prediction and correc-
tion, moving deeper from the surface for a specified
disk half-thickness z1. z1 is not known in advance.
Of all solutions of (12)–(14), we must choose the
one for which z1 satisfies the boundary condition in
the plane of symmetry of the disk. In our case, z1

was determined by dividing the interval into halves
until the condition Q(z1) < 0.01 Q0 was fulfilled. In
the course of obtaining the solution, the opacity at
each depth was determined iteratively until a relative
accuracy of 1% was achieved. The current value for
κr was found from the current Tc and Pgas values from
the opacity tables [17, 18], which we supplemented
towards high temperatures with [19]. Solar chemical
composition was assumed [26].

Next, the disk parameters were determined at each
radial distance: the half-thickness h, equal to the
distance between the disk plane of symmetry and
the level with optical depth τr = 2/3, and the surface
density Σ = 2

∫ z1

z1−h ρdz′. The radial density σ(z′) is
specified by the fourth differential equation:

dσ

dz′
= ρ. (16)

4. RADIAL STRUCTURE OF THE DISK:
ANALYTICAL DEPENDENCES

Calculating the vertical structure of the disk us-
ing the approach suggested in [15] yields analytical
expressions for the radial dependences of the disk
parameters. In [15], the opacity coefficient κr was
taken in the analytical form (1), where the indices ζ
and ν depend on the type of opacity in the disk. In
zone B, where scattering on free electrons dominates,
ζ = ν = 0; in zone C, where most absorption is due
to free–free and bound–free transitions, formula (1)
assumes the form of the Cramers formula with ζ = 1
and ν = −7/2. It was also assumed that the radiation
pressure in the disk can be neglected. A compari-
son between the results of the two calculations of
the vertical structure showed that, in zone B, this
assumption appreciably restricts the accuracy of the
solution when Prad � (0.2−0.3)Pgas.

The method presented in [15] considers a system of
equations for the dimensionless functions P/Pc, z/h,
Q/Qo, and T/Tc. The independent variable in the
equations used in [15] is the column density measured
from the plane of symmetry of the disk and normalized
to Σ/2. The system (12)–(16) contains four dimen-
sionless quantities comprising various combinations
of the physical parameters of the disk and the radius
R: Π1, Π2, Π3, and Π4 (see also [27]). The method
of [15] also enables calculation of the vertical struc-
ture of a non-stationary disk; models applied to X-ray
novae were constructed in [8].

Eight boundary conditions are imposed when find-
ing the solution (four functions and four unknown
parameters): four at the disk surface and four in the
disk plane of symmetry. These boundary conditions
contain the free parameter, which is different in zones
B and C, and represents a measure of the optical
depth of the disk. The disk surface in the two zones
is also specified in different ways. In the zone where
absorption dominates the opacity, the disk surface is
assumed to correspond to the level where the optical
depth calculated from infinity to the disk surface is
two-thirds, and the temperature is equal to the effec-
tive temperature. In the zone where Thomson scat-
tering dominates, the disk surface is assumed to cor-
respond to the level where the radiation is thermalized
and the effective optical depth is τ † ∼= 1. The effective
optical depth is taken to be dτ † =

√
κff(κT + κff)ρdz.

The system of equations in [15] was numerically in-
tegrated, and Π1 − Π4 tabulated as a function of the
free parameter, δ, or τ0. 1

Using the values of the dimensionless parameters
Π1 −Π4 from [15], we can find the disk half-thickness

1 The refined tables in electronic form are available from the
authors or at http://xray.sai.msu.ru/g̃alja/data/PPPP/.
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h, surface density Σ, density ρc, and temperature Tc
in the form of radial dependences that also contain
the general parameters of the accretion disk. In the
stationary mode of disk accretion, we use relation (15)
between the flux from the disk surface Q0 and the
accretion rate.

Let us now normalize the disk parameters to their
characteristic values for accretion disks in binary sys-
tems with stellar-mass components:

M = mM�, Ṁ = Ṁ17 × 1017 g/s, (17)

R = R7 × 107 cm (zone В) or

R = R10 × 1010 cm (zone C).

As the characteristic value for the factor κ0 from
(1) in zone B, we use κ∗

T = 0.335 cm2/g, obtained
via an approximation to the tabulated values in [17,
18] for a medium with mass fractions X = 0.69 for
hydrogen and Y = 0.27 for helium; in zone C, we use
κ∗

0 = 5 × 1024 cm5 g−2 K7/2 [3, Sec. 5]. The corre-
sponding molecular mass is μ = 0.62. In a medium
with this chemical composition, radiation is primarily
absorbed as a result of the photoionization of ions of
heavy elements.

Thus, in zone B, where, by definition, scattering
on free electrons yields the main contribution to the
opacity and the gas pressure exceeds the radiation
pressure, solving the system of algebraic equations for
Π1 − Π4 from [15] and using (15) and (17) yields

h/R = 0.0092m−7/20Ṁ
1/5
17 α−1/10R

1/20
7 (18)

× f(R)1/5
( μ

0.6

)−2/5
(

κT

κ∗
T

)1/10

Πh,

Σ = 5.1 × 103m1/5Ṁ
3/5
17 α−4/5R

−3/5
7 (19)

× f(R)3/5
( μ

0.6

)4/5
(

κT

κ∗
T

)−1/5

ΠΣ g/cm2
,

ρc = 2.8 × 10−2m11/20Ṁ
2/5
17 α−7/10R

−33/20
7 (20)

× f(R)2/5
( μ

0.6

)6/5
(

κT

κ∗
T

)−3/10

Πρ g/cm3
,

Tc = 8.2 × 106m3/10Ṁ
2/5
17 α−1/5R

−9/10
7 (21)

× f(R)2/5
( μ

0.6

)1/5
(

κT

κ∗
T

)1/5

ΠT K.

The combinations of dimensionless parameters
Πh, ΠΣ, Πρ, and ΠT are related to the parameters
Π1 − Π4 as follows:

Πh = Π1/2
1 Π1/10

3 Π−1/10
4 , ΠΣ = Π4/5

3 Π1/5
4 , (22)

Πρ = Π−1/2
1 Π−1

2 Π7/10
3 Π3/10

4 , ΠT = Π1/5
3 Π−1/5

4 .
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Fig. 2. Dependences of the dimensionless factors on the
logarithms of values characterizing the optical depth of
the disk, calculated from (22) for the upper graphs and
from (31) for the lower graphs (plotted for Table 2a and
Table 1a from [15], respectively).

Figure 2 presents their values as functions of the free
parameter δ, specified in the form

δ =
τ

τT(τ † = 1)
,

where

τ = κT
Σ
2

(23)

is the optical depth to scattering in the disk and
τT(τ † = 1) the optical depth to scattering accumu-
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lated from infinity to the disk surface at the ther-
malization depth [15]. The thermalization depth can
be defined from the approximate condition (see, for
example, [28, 29])

τ † = −
h∫

∞

√
κffκTρdz ∼= 1.

We obtain from the equation for hydrostatic equi-
librium in an isothermal approximation the law for
the density decrease above the disk, together with the
value

δ =
τ

τT(τ † = 1)
=

[
23/4

18
ρcκ0

T
7/2
c

κT(ρch)2
Π1Π3

2

Π9/8
4

]8/15

,

which depends fairly weakly on the disk parameters;
with the characteristic values we used for the nor-
malizations in zone B, we can obtain the following
estimate, which includes the strongest dependences:

δ ∼ 200
(

κ0

κ∗
0

)8/15

Π4/15
1

R
4/25
7 Ṁ

8/75
17 μ

28/25
6

α64/75
. (24)

The optical depth to scattering in zone B calculated
from infinity to the thermalization depth, τT(τ † = 1),
exceeds unity, since the scattering is appreciable:

τT(τ † = 1) =
τ

δ
∼ 4

(
κT

κ∗
T

)76/75 (
κ0

κ∗
0

)−8/15

(25)

× Π−4/15
1 Ṁ

37/75
17

m19/75

R
19/25
7

.

When the accretion rate decreases, zone B shifts in
radius towards the disk center, giving way to zone C.

A zone where the radiation pressure dominates
appears in the disk near the central object in the case
of high accretion rates. The radius where the radiation
pressure aT 4

c /3 and gas pressure ρcRTc/μ become
equal in the disk plane of symmetry (the boundary
between zones A and B) [1] is roughly estimated as

RAB ∼ 107m1/3Ṁ
16/21
17 α2/21 (26)

×
( μ

0.6

)8/21
(

κT

κ∗
T

)6/7

cm.

Here, we have adopted the characteristic values for
the dimensionless parameters Π1 −Π4 and f(R) = 1.
Expression (26) is an upper estimate, since f(R) ≤ 1.

Further, in zone C, where free–free and bound–
free absorption makes the largest contribution to the
opacity and the gas pressure is much higher than the
radiation pressure, we obtain the expressions

h/R = 0.020m−3/8Ṁ
3/20
17 α−1/10R

1/8
10 (27)

× f(R)3/20
( μ

0.6

)−3/8
(

κ0

κ∗
0

)1/20

Πh,

Σ = 33m1/4Ṁ
7/10
17 α−4/5R

−3/4
10 (28)

× f(R)7/10
( μ

0.6

)3/4
(

κ0

κ∗
0

)−1/10

ΠΣ g/cm2
,

ρc = 8.0 × 10−8m5/8Ṁ
11/20
17 α−7/10R

−15/8
10 (29)

× f(R)11/20
( μ

0.6

)9/8
(

κ0

κ∗
0

)−3/20

Πρ g/cm3
,

Tc = 4.0 × 104m1/4Ṁ
3/10
17 α−1/5R

−3/4
10 (30)

× f(R)3/10
( μ

0.6

)1/4
(

κ0

κ∗
0

)1/10

ΠT K,

where the combinations of the dimensionless param-
eters are related to Π1 − Π4 as follows:

Πh = Π19/40
1 Π−1/20

2 Π1/10
3 Π−1/20

4 , (31)

ΠΣ = Π1/20
1 Π1/10

2 Π4/5
3 Π1/10

4 ,

Πρ = Π−17/40
1 Π−17/20

2 Π7/10
3 Π3/20

4 ,

ΠT = Π−1/20
1 Π−1/10

2 Π1/5
3 Π−1/10

4 .

Figure 2 presents these quantities as functions of the
free parameter

τ0 =
κ0ρc

T
7/2
c

σ

2
= 500

Ṁ
1/5
17 f(R)1/5

α4/5
(32)

×
( μ

0.6

) (
κ0

κ∗
0

)2/5 Π4/5
3 Π3/5

4

Π1/5
1 Π2/5

2

,

which is approximately equal to

τ0 ∼ 300Ṁ1/5
17 α−4/5

(
κ0

κ∗
0

)2/5

. (33)

The total optical depth

τ =

h∫

0

κ0ρ
2T−7/2dz (34)

was found in [15] in the course of the numerical solu-
tion for the vertical structure equations, and depends
unambiguously on τ0. We also present a formula that
approximates the tabulated values with an accuracy
better than 1% for τ0 > 6:

τ ≈ 1.042τ1.006
0 . (35)

For the range of disk parameters that are usually of
interest, log δ and log τ0 have values between two and
four. For these values, the considered combinations of
Π1 − Π4 are essentially independent of radius, and a
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single characteristic value may be used within each
zone:

zone B: Πh ≈ 2.6, ΠΣ = 0.96, (36)

Πρ = 0.67, ΠT = 1.2,

zone C: Πh ≈ 2.6, ΠΣ = 1.03, (37)

Πρ = 0.76, ΠT = 1.09.

The boundary between zones B and C is roughly
determined from the equality of κT and κ0ρT 7/2 in the
plane of symmetry of the disk (for the characteristic
values of the dimensionless parameters Π1 − Π4 and
f(R) = 1):

RBC ∼ 5 × 107m1/3Ṁ
2/3
17

( μ

0.6

)−1/3

×
(

κ0

κ∗
0

)−2/3 (
κT

κ∗
T

)4/3

cm.

We take the radius where recombination of hydro-
gen atoms begins (for Teff ∼ 104 K) to be the outer
boundary of zone C. In this case, the disk becomes
unstable and convection begins to contribute to the
energy transport towards the surface, due to the sub-
stantial increase in the opacity coefficient [4, 10]. In
these regions, the opacity coefficient κr cannot be
approximated by the Cramers law. We obtain from the
condition Teff = 104 K, equating the right side of (15)
and σSBT 4

eff:

RC ≈ 1.4 × 1010m1/3Ṁ
1/3
17 cm. (38)

Let us consider a disk consisting purely of hy-
drogen plasma (μ = 0.5), with the opacity κr =
6.4 × 1022ρT−7/2 cm2/g [2] (a similar value was
used in [1]), specified only by free–free transitions
of electrons in the plasma. This is two orders of
magnitude lower than the opacity for bound–free
transitions κ∗

0, but the resulting variations of the
physical quantities involved will be suppressed by
the small power-law indices with which the opacity
coefficient enters (27)–(30). For example, the disk
half-thickness (27) will vary due to the decrease of κ0

and μ, and also Πh, since τ0 will decrease by nearly a
factor of 10 [see (32) and the lower graphs in Fig. 2].
We thus obtain for μ = 0.5 a disk half-thickness h
that is ∼25% smaller than for μ = 0.62.

If all the Π1 − Π4 values are unity in the formu-
las for the radial dependences of the physical pa-
rameters of the disk, κT = 0.4 cm2/g, κ0 = 6.4 ×
1022 cm5 g−2 K7/2, and μ = 0.5, these formulas co-
incide with the expressions for a standard α disk from
[2, Sec. 3].

The numerical solution for the vertical structure
equations yields a larger disk thickness than that for a
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Fig. 3. Relative half-thickness of the disk. The disk pa-
rameters are m = 10, Rgrav = 2GM/c2 ≈ 3 × 106 cm,
α = 0.3, μ = 0.62, and Ṁ = 3.36 × 1016 g/s (top) or
Ṁ = 3.36 × 1018 g/s (bottom). The solid bold curve rep-
resents the exact model with the tabulated opacities and
P = Prad + Pgas; the dotted and dashed curves indicate
the dependences for zones B and C, respectively, obtained
using the analytical approximation for the opacity coeffi-
cient.

uniform disk, or the so-called “characteristic hydro-
static size” vs/ω, where vs is the speed of sound in
the plane of symmetry. The fact that the numerically
calculated disk thickness is approximately twice the
characteristic hydrostatic size was already noticed
in [1, Fig. 11]. This increase is due to the inhomo-
geneity of the density and temperature distributions
over the disk thickness, and corresponds to a factor of
the order of

√
Π1 ∼ 2.5 [15]:

h ∼=
√

Π1

√
RTc

μ

1
ω

. (39)

5. COMPARISON OF THE RESULTS
OF THE VERTICAL STRUCTURE

CALCULATIONS

We compare the results obtained using the two
methods indicated above by plotting the radial depen-
dences of the relative half-thickness, surface density,
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Fig. 4. Temperature in the plane of symmetry of the disk.
The disk parameters and notation are the same as in
Fig. 3. The dot–dashed curve shows the effective tem-
perature Teff = (Qo/σSB)1/4.

and density and temperature in the central plane of
the disk. These dependences are constructed for two
models of a accretion disk around a black hole with
mass M = 10 M�, μ = 0.62, α = 0.3, and accre-
tion rates corresponding to bolometric luminosities of
the disk 0.002LEd and 0.2LEd, where LEd = 1.26 ×
1039 erg/s is the Eddington luminosity for an object
with mass 10 M�. Figures 3–8 present the resulting
dependences. The vertical lines indicate the formal
boundaries between zones A, B, and C. Zone A is
absent from the model on the upper graphs. The
curves are shown out to the radius where the effective
temperature is equal to 104 K.

The dotted curves indicate the dependences for
zone B calculated from (18)–(21), and the dashed
curves those for zone C calculated from (27)–(30).
Except for Πh, the dimensionless parameters are
taken in accordance with (36) and (37). The pa-
rameter Πh varies only slightly for variations in the
accretion rate covering two orders of magnitude. We
used Πh = 2.61 in zone B and Πh = 2.58 in zone C
for Ṁ = 3.36 × 1016 g/s, and Πh = 2.69 in zone B
and Πh = 2.67 in zone C for Ṁ = 3.36 × 1018 g/s.

The dependences expressed by the analytical for-
mulas (dotted and dashed curves) closely correspond
to the exact solution obtained for the tabulated opac-
ities (bold solid curve) in regions where the radiation
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Fig. 5. Surface density of the disk. The disk parameters
and notation are the same as in Fig. 3.

pressure is negligibly small. The disk half-thickness
in zone C for Ṁ = 3.36 × 1018 g/s calculated for the
tabulated opacities differs from that obtained from
(27), primarily due to the difference between the
Cramers opacity law and the real (tabulated) opacities
(lower graphs in Fig. 3). Recall that the relation
κ∗

0 = 5 × 1024 cm5 g−2 K7/2 will represent a more or
less precise approximation, depending on the actual
parameters of the accretion disk. Differences due to
the contribution from the radiation pressure become
appreciable when Prad/Pgas � 0.2−0.3.

The agreement between the results for the two nu-
merical methods used to calculate the vertical struc-
ture of an accretion disk within their common region
of applicability (where the role of radiation pressure
can be neglected) also demonstrates the reliability of
each of the methods, and justifies the use of (18)–(21)
and (27)–(30) to describe the radial structure of the
disk in zones B and C between the radii estimated by
(26) and (38), provided that the radiation pressure in
zone B does not exceed 0.3 Pgas.

6. DISCUSSION OF THE RESULTS
The half-thickness of the outer parts of a classical,

optically thick α accretion disk with solar chemical
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composition in the zone of total ionization of hydro-
gen is [see (27) and (37)]:

hd

R
= 0.05m−3/8Ṁ

3/20
17 α−1/10R

1/8
10 .

As noted above, this formula is valid in zones
where the energy is transported to the surface by
radiation. In regions more distant from the center,
where hydrogen recombination begins and convec-
tion develops, the disk thickness decreases, and its
surface appears to be in shadow [10]. Therefore, we
will restrict our consideration to a disk with fully ion-
ized hydrogen and Teff � 104 K. We will also assume
that the maximum relative disk half-thickness hd/R
is reached at the radius where Teff = 104 K.

We can then write an expression for the maximum
relative disk half-thickness as a function of the disk
parameters:

hd

R
(max) = 0.093m−17/120α−1/10ṁ23/120, (40)

where ṁ is the accretion rate normalized to the
critical value 1.26 × 1038(m/ηc2) corresponding to
the Eddington bolometric luminosity. We adopt the
value η = 1/12. It follows readily from this expression
that hd/R ≈ 0.1 for α = 0.1 for high-luminosity
disks (ṁ ≈ 1) around neutron stars in low-mass X-
ray binaries. Disks around black holes with masses
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∼10 M� in X-ray novae at their maximum brightness
(ṁ ∼ 0.5) and with the same value of α theoreti-
cally have maximum relative half-thicknesses ∼0.07.
Consequently, the relative half-thicknesses of α disks
cannot substantially exceed 0.1. Recall that we are
considering disks with accretion rates below the
critical value: ṁ � 1.

Let us compare the obtained value with the obser-
vations. Data for 11 fairly well studied X-ray novae
with black holes [30] indicate an absence of systems
whose orbital planes are inclined to the line of sight
by more than 75◦. The scarcity of eclipses in X-ray
novae with black holes and neutron stars also leads
to the conclusion that they are not observed “edge-
on” [30, 31]. It is concluded in these studies that,
in these systems, the X-ray radiation from the inner
plane of the disk is blocked by some parts of the
disk or structures above it (such as the disk chro-
mosphere or corona) that posses appreciable relative
thicknesses of the order of or exceeding the tangent of
the half-angle at which the secondary component is
seen from the compact object: ∼0.15−0.25. The same
pattern of matter distribution in the form of a corona
above the disk follows from analyses of the X-ray light
curves of relatively rare eclipsing X-ray binaries [32,
33]. The broad (about a third of the orbital period)
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minima provide evidence that we see very extended
sources of X-ray radiation in these systems. This is
most likely radiation scattered in the corona above the
disk, whereas the primary X-ray source (inner parts of
the disk and the central source, if there is one) is not
visible.

Some information about the geometry of re-
emitting regions can also be derived via reverbera-
tion mapping (see, for example, [34, 35]), which is
based on analyzing the delays between variations
of the X-ray and optical fluxes, which depend on
the distances covered by the X-ray photons be-
tween their emission and re-emission. O’Brien et al.
[34] obtained a relative disk half-thickness at the
outer radius ∼0.24 for the low-mass X-ray binary
GRO J1655−40. The increased relative thickness of
the outer parts of accretion disks also follows from
the large ratio of the optical and X-ray fluxes for
the same X-ray novae during flares [36, 37], and

also for super-soft X-ray sources [38, 39]. The same
result is provided by analyses of the optical variability
amplitude of low-mass X-ray binaries due to the
reflection of radiation from the disk and secondary
component [40]. Such estimates are based on the
fact that an appreciable fraction of the optical disk
radiation is due to the reprocessing of hard X-ray
radiation, which depends on the geometry of the
regions intercepting the radiation and the nature of
the central source.

Gilfanov and Arefiev [41] suggest a technique for
estimating the largest “viscous” time scales in ac-
cretion disks using the position of the break in the
power spectra of the X-ray variations in low-mass X-
ray binaries. This time scale can then be used to derive
the half-thickness at the outer edge of the disk, which
turns out to substantially exceed the standard disk
thickness. Based on an analysis of the power spectra
of 12 objects, Gilfanov and Arefiev [41] concluded
that a substantial part of the accretion flux can be
described by an optically thin hot “coronal flux” with
a characteristic size of h/R � 0.1−0.3. However, the
time variability of disks is complex, and requires fur-
ther studies.

Let us analyze possible ways to increase the thick-
ness of an α disk and bring the theory and observa-
tions into agreement.

Essentially, to increase the model disk thickness,
it is sufficient to increase the temperature in the plane
of symmetry [see (39)]. However, this will be accom-
panied by a dramatic decrease in the opacity, and,
accordingly, in the optical depth of the disk. There is a
“brightening” of the disk, leading to a decrease in Π1,
so that the half-thickness of the disk remains virtually
constant [see also (39)].

On the other hand, we can increase the surface
density of the disk Σ. In this case, its optical depth
and the temperature in the central plane will also
increase, since Tc ∼ (κrΣ)1/4Teff. Simple estimates
show that the disk luminosity can only be maintained
by a decrease in the disk viscosity by many orders of
magnitude, i.e., by an α value of the order of 10−6.
Such values of α seem unlikely, since the dynamics of
the fading of dwarf [5, 6] and X-ray novae [7, 8, 37, 42]
can be explained well by models with a geometrically
thin, non-stationary accretion disk with α ∼ 0.1−1
for zones with total ionization.

Another hypothetical way to increase the temper-
ature in the central plane of the disk is illumination
of the outer disk by hard radiation. The ratio of the
flux illuminating a disk surface element located at the
angle ≈ (dhirr/dR − hirr/R) and the internal flux due
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to viscous friction (see, for example, [1, 43], and also
(15)) is

Qirr

Q0
=

4
3
ηΨ(θ)(1 − Ax) (41)

× hirr

R

(
d ln hirr

d ln R
− 1

)
R

Rgrav
≡ 4

3
ηC R

Rgrav
,

where hirr is the height at which the X-ray radia-
tion is intercepted, η ∼ 0.1 the accretion efficiency,
1 − Ax the fraction of incoming flux that is subject
to thermalization, which depends on the disk albedo
and the spectral energy distribution of the central
source [44], and Rgrav = 2GM/c2. For the standard
disk profile, the expression in brackets on the second
line of formula (41) is equal to 1/8 [see (27)].

The function Ψ(θ) describes the angular distribu-
tion of the central radiation: the flux depends on the
angle as Ψ(θ)L/4πR2, where θ is the angle between
the normal to the plane of the central part of the
disk and the direction from the central disk towards
the illuminated disk surface element. In the case of a
point-like central source, Ψ(θ) = 1; for a flat central
disk, Ψ(θ) = 2 cos(θ) [45, 46]. The second case may
become realistic if the central object is a black hole.
Then, for large θ, the approximation cos θ ≈ hirr/R
is commonly used, valid for geometrically thin outer
disks.

The temperature in the plane of symmetry of the
disk can be estimated as

T 4
c
∼=

3
8
τ0T

4
eff + T 4

irr,

where T 4
irr = Qirr/σSB. For example, to double the

disk thickness, the temperature must be increased by
a factor of four, which requires that the flux exceed the
intrinsic flux by a factor of ∼95τ0, since

Qirr

Qo
∼= 3τ0

8

((
T new

c

T old
c

)4

− 1

)

.

According to (33), for α = 0.5, τ0 ∼ 1000 for a disk
with solar chemical composition and τ0 ∼ 170 for a
pure hydrogen disk. We can obtain an upper estimate
for the flux ratio from (41):

Qirr

Q0
≈ 75

C
5 × 10−3

( η

0.1

)2/3 ṁ1/3

m1/3
.

This estimate is obtained for the outer boundary of
zone C [see (38)]. Thus, this formal analysis likewise
does not yield illumination sufficient to make the disk
appreciably thicker for any chemical composition.

Moreover, based on their calculations of the verti-
cal structure of the illuminated disk, Meshcheryakov
et al. [23] argue that, in the case of deep heating of
a stationary disk by an external flux, the temperature

in the central plane of the disk increases, the surface
density and optical depth decrease, and the geometri-
cal thickness remains essentially constant.

In a number of studies, disk thicknesses are deter-
mined from the ratio of the X-ray and optical fluxes;
these studies essentially determine the illumination
parameter. Let us consider this in more detail:

C = Ψ(θ)(1 − Ax)
hirr

R

(
d ln hirr

d lnR
− 1

)
,

which we normalized above to the characteristic value
(see, for example, [7] and references therein). C can
be determined from the observed X-ray-to-optical
flux ratio, and combines the relatively poorly known
thickness and albedo of the disk. Therefore, it is con-
venient to use this quantity for comparison with the
predictions of different models.

It is important that taking into account general-
relativistic effects on the propagation of light near a
black hole increases Ψ(θ) in comparison with the case
of a flat metric for larger θ. The trajectories of photons
are concentrated towards the disk plane, mainly due
to aberration [47]. For example, for a flat disk around
a rapidly rotating Kerr black hole with aKerr = 0.9981,
the factor Ψ(θ) in the direction cos θ ∼ 0.1 exceeds
that for light propagation in a flat space by a factor
of three to four (Fig. 9). Taking into account limb
darkening of the radiation emitted from the disk sur-
face results in a decrease in the number of photons
at larger θ. The coefficient in the limb darkening law
is u = 0 for a local isotropic propagation of photons
from the disk surface, u = 1.5 for a gray atmosphere,
and u = 2.06 for an atmosphere dominated by elec-
tron scattering [48, 49]. In Fig. 9, the dashed curve
indicates the dependence Ψ(θ) taking into account
the re-processing of photons that have returned to the
disk.

In a first approximation, let us assume that the
disk profile corresponds to the standard model. Then,
without taking into account the relativistic amplifica-
tion, we obtain for a flat disk

C ∼ 6 × 10−5

(
hirr/R

0.05

)2 1 − Ax

0.1
(42)

and for a point source

C ∼ 6 × 10−4

(
hirr/R

0.05

)
1 − Ax

0.1
.

If an isotropically radiating source is located at a
height Zx above the plane of symmetry, C will increase
by a factor of 1 + (Zx/hirr)(d ln hirr/d ln R− 1)−1 [50].

In their modelling of X-ray and optical light
curves, Esin et al. [36] found that, C ∼ 0.004 for the
X-ray nova A 0620-00 (1975) at the epoch when the
central X-ray source was a disk, and C ∼ 0.0014 for
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GS 1124-683 (1991). For an outburst of A 0620-00
about 10–50 days after the peak, the model of [37]
yields C ∼ (6−9) × 10−3. On the other hand, C ∼
0.002−0.004 was found for low-mass X-ray binaries
with neutron stars in [40].

Thus, according to (42) for the efficiency of re-
processing of X-ray radiation 1 − Ax ∼ 0.1 [44], the
maximum thickness for a standard disk hirr/R ∼
0.05−0.1, and including a relativistic amplification
∼4, we obtain C ∼ 0.00025−0.001. It follows that,
generally speaking, either the disk thickness must
exceed the standard value, or the efficiency of the
reprocessing of the X-ray radiation 0.1 is too low
to fit the observations, or both these values must
be increased over their standard values. A similar
conclusion is obtained for the case of a central point
source.

If the disk has a hot corona, the main process in
this corona will be the scattering of hard photons on
free electrons; further, these photons can penetrate
into sub-photospheric layers of the disk, where they
can be absorbed [23, 51]. As a result of the inter-
ception of X-rays in the corona, the effective half-
thickness of the disk with regards to this process hirr
turns out to exceed the standard value hd by a factor
of 1.5−2.5. Models for the corona were considered
in [51–57]. The matter above the disk can also form
a layer of gas flowing from the companion (see, for
example, [58–60]).

Due to thermal instability, a two-phase medium
may appear above a standard disk, consisting of
clouds with temperatures ∼104 К and inter-cloud
material with a temperature about two orders of
magnitude higher. A model with multiple scattering
of X-rays on the clouds is suggested in [61], and the

resulting factor for the reprocessing of X-rays into
optical radiation 1 − Ax increases to 0.3−0.5.

We can also consider a warped disk that can inter-
cept a substantial fraction of the central radiation. It
was suggested in [14, 36] that the disks in low-mass
X-ray binaries may be twisted, as in Her X-1 [62].
Disk could be bent due to a number of effects, such as
the Lenz–Thirring effect [63], radiation pressure [64,
65], etc.

Calculations of C carried out in [66] for a disk
warped by torques due to radiation pressure show that
this quantity can be appreciable, even for the case
of a high disk albedo (for an isotropically radiating
central source). On the other hand, it was concluded
that only a small number of low-mass X-ray binaries
(primarily those with long periods) can develop such
disk warping.

When the disk is warped because the rotational
angular momentum of the black hole and the orbital
angular momentum of the binary have different di-
rections, the disk geometry depends on the ratio of
the viscous parameter α and the disk half-thickness
(see, for example, [67]). Such a disk can be repre-
sented roughly as having two parts: an outer region
in the orbit plane of the binary, and a twisted inner
region. Suppose that the intrinsic disk half-thickness
is insignificant (as for a standard disk). If the central
source radiates isotropically, the interception of the
X-ray flux by such a disk does not increase. However,
in the case of anisotropic radiation (which is quite
expected, since the central object is a black hole), we
will likewise not obtain an appreciable increase in the
fraction of intercepted flux. When we take into ac-
count general-relativistic effects on the propagation
of photons, the directional pattern of the radiation of a
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flat disk becomes more isotropic (Fig. 9). In addition,
the area of the illuminated surface is a factor of two
smaller for a warped disk. For example, if the relative
disk half-thickness is ∼0.05, the disk will intercept a
flux Lx(0.05)2/r2 for Ψ(θ) = 2 cos θ when it lies com-
pletely in a plane. Applying the angular distribution
for a black hole with the maximum angular momen-
tum and including limb darkening with a factor of 1.5
(circles in Fig. 9), we find that, in fact, an unwarped
disk intercepts a flux equal to∼0.024Lx/r

2, i.e., larger
by an order of magnitude. Suppose that the outer
parts of such a disk are inclined so that the tangent
of the angle between the plane of the disk and the
equatorial plane of the black hole is 0.2R; a simple
calculation yields that half the disk intercepts only
∼0.015Lx/r

2.

It thus seems more likely that the observed half-
thicknesses of accretion disks are due to the presence
of matter above their surfaces (in the form of a corona
and/or wind) that is optically thick in the radial di-
rection. Under some conditions, this medium may be
inhomogeneous.

7. CONCLUSION

We have described a method for calculating the
vertical structure of a standard α disk. Based on
an independent method for calculating this struc-
ture [15], we obtained analytical radial dependences
for the disk parameters, which yield an explicit de-
pendence on the opacity coefficient. We have demon-
strated the consistency of the two methods in the
region where the model assumptions are the same,
i.e., where hydrogen is fully ionized and the radiation
pressure can be neglected.

The numerical solution for the equations describ-
ing the vertical structure of the disk with a standard
elemental abundance yields a thickness that is nearly
a factor of three larger than the so-called “character-
istic hydrostatic size.” Such a disk is thicker than a
pure hydrogen disk by about 25%.

We discussed the discrepancy between the ob-
served characteristics of binary systems with accre-
tion disks and theorеtical predictions for the disk
thickness. To bring the standard disk model into
agreement with the observations, matter above the
disk that intercepts the X-ray radiation must be taken
into consideration. In the presence of a hot corona
above the disk that scatters X-ray radiation, the
thickness hirr with regards to this process can exceed
the thickness of a standard disk hd by a factor of
1.5−3. In this case, both the the statistics of eclipses
in binaries and the optical flux from the accretion
disks in X-ray sources can be explained.
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