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Emission of gravitational waves



Number of equations and their structure

1
R — EgikR = g\ +8mGTj .

10 equations.

1. Due to the Bianchi identity R/, = 0, covariant
differentiation with summation gives T/, = 0.

The equations for gravitational field already contain dynamical
equations for matter in themselves.

2. No second time derivatives in (0 — 0) and (0 — ) equations
(o =1,2,3).

3. No second time derivatives of gy and go, in all equations.

Number of 'physically different’ variables in gy: 10 — 4 = 6.
The synchronous reference system: goo = 1, go. = 0.

For a barotropic fluid or gas: Tix = (p + p) ujux — pgik, 4 more
variables: p, u’. The equations of state p = p(p) have to be
added separately.



Total active gravitational mass

For the spherically symmetric case (A = 0)
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Outside the body (T =0 for r > ry), A = —In (1 — 2¢M),
Thus,

o
M—47T/ Tor* dr
0

Difference between 47r? dr and dV = 4xr2e*/2dr - the
gravitational mass defect.



Gravitational field far away from bodies

1.
ik = Nk + hie, Uf = hf — Eé,k
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The Lorentz gauge: - = 0. Then
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The static case, order r—*.
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They are determined from the comparison with the
Schwarzschild solution re-written in terms of the Cartesian

coordinates x,y,z. Let r =p (1 + 2—1) and
PP =X+ y 4 22
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As a result:
ds? = (14 2¢) dt? — (1 — 2p)(dx? + dy?® + dz?),

where ¢ is the Newtonian gravitational potential.
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In the next order r=2 (o< ¢ in usual units)
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where L,z is the total angular momentum 4-tensor.



The Tolman formula for the total mass

Another expression for the total mass in the stationary case -
the Tolman formula.
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Integrating over the 3-space, using the Gauss theorem and the

formula for a metric far away from bodies at the remote
2-sphere, we get:
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Weak gravitational waves (GW) in flat space-time

In the Lorentz gauge 1f, =0,
Llhy = 0.

In flat space-time, GW propagate with the velocity of light.
Recently confirmed by the observation of the GW170817 +
GRB 170817A event - merging of two neutron stars at the
distance 40 £ 10 Mpc. X-ray signal: 1.7 s after the peak of
the GR one.

lvew — 1| <3 x107%
The Lorentz gauge still does not fix the reference system

unambiguously. The remaining freedom of coordinate
transformations: X' = x’' +¢') €' = 0.



Consider a plane gravitational wave moving right along the
x} = x axis. h¥ are functions of t — x. From the Lorentz

gauge condition: ¢! = 4.
Uy =1, Uy =g, Uy =3, Yy = .

Additional transformation: %' = x' + £'(t — x). Used to make
WY =y =g =95+ ¢35 =0.

Then ¥} = ¥} = ¢ = ¢ = &} = 0 and ¥} = h¥.

Remaining non-zero components are hy, = —hs3 and hos.
Thus, GW are transverse, traceless and have two polarization
states. They have two degrees of freedom, and initial
conditions for vacuum gravity at a space-like Cauchy
hypersurface are given by 4 arbitrary functions of spatial
coordinates. In the presence of a barotropic matter, 4 more
arbitrary functions (energy density and spatial velocity) appear.



Weak high frequency GW in curved vacuum
space-time
g = gy + hi
Weak: |hf| < 1.

High frequency: w > L' = (R\) Rikim(© )1/4 Where R i
the background Riemann tensor, so that |R )| > |Rk(O |.

iy 1. i y
rk(l) = E(hl;k + by — hy''),

R,(kl = (h:/k ian hk il hik;;ll — hix) = 0.

Imposing the generally covariant Lorentz gauge h, = %h};
and using the condition wlg > 1, we get

hik;{l =0.



The Isaacson EMT of GW

The remaining freedom of coordinate transformations:

%= x"+¢, ¢, =0. Can be used to make h = h{ =0, then
h¥, = 0. After that the remaining admissible transformations
should satisfy &/, = 0.

Let us average the space-time over scales much more than
w™! but much less than Lg. Then
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For a plane GW in flat space-time considered previously,
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Emission of GW by non-relativistic matter

1 ;
5 Oy), = —87GTr.

From the Lorentz gauge 1, = 0, it follows that 7% = 0.
Solution in the form of retarded potentials:

wlk = —4G/(7—’-k)tR%.

Assuming that all matter velocities are small compared to the
light velocity, we can write:
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Calculation of the integral.
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Multiplying the first equation by x?, integrating over the
volume and symmetrizing over «, [3, we get

10
/ Tas dV = =3 55 / (TaoX” + Toox*) dV/.

Multiplication of the second equation by x“x” and integration
over volume leads to

% /Tooxo‘xﬁ dvV = — /(Taoxﬁ + Tox*) dV.
X

Combining these expression, we get

1/0\°
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Since Too = P»

2G [0\
_ - . a B
Vap = Ry (at) /px x” dV.

Let us introduce the quadrupole moment of mass distribution:
D.s = /p (3X”'X“9 — r25(,‘3) dv.

At large distances from the source and locally, the GW can be
considered as a plane one. Along the x! axis,
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The energy flux to the x! direction is
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The polarization tensor e, 3. Properties:
€aa = 0, €ypng =0, eypenp = 1.

The intensity of radiation into the solid angle do (restoring c):

dl (bw@ e(\zB)2 do.
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Summing over two polarizations of GW, we get:
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The total GW radiation flux / (luminosity L in GW):
dE G .
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The limiting luminosity in GR: L ~ %5 = 3.63- 10 erg/s
(compare to L, = 3.83 - 108 erg/s).
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