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Âðàùàòåëüíûé ïîòîê
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Ñòàöèîíàðíûé âðàùàòåëüíûé ïîòîê
â öèëèíäè÷åñêîé ñèñòåìå êîîðäèíàò {r , ϕ, z}:

íàïð. ó÷åáíèê Pringle & King
�Astrophysical �ows�

U = {0,Uϕ(r , z), 0} p = p(r , z) ρ = ρ(r , z)


U2
ϕ

r
=

1
ρ

∂p
∂r

+
∂Φ

∂r
, Φ = −

GM
(r2 + z2)1/2

0 =
1
ρ

∂p
∂z

+
∂Φ

∂z
=⇒ h ∼

cs

Uϕ
r

∂

∂z

(
1
ρ

∂p
∂r

)
−

∂

∂r

(
1
ρ

∂p
∂z

)
= r

∂Ω2

∂z
, ãäå Uϕ ≡ Ωr
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Äåéñòâèå ìèêðîñêîïè÷åñêîé âÿçêîñòè

Õàðàêòåðíîå âðåìÿ �âÿçêîé� ýâîëþöèè
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Ïðîòîïëàíåòíûå äèñêè (íà 1 à.å.):

h/r ∼ 10−2, Uϕ ∼ 30 êì/ñ, Σ ∼ 103 ã =⇒ cs ∼ 105 ñì/ñ, n ∼ 1016 ñì−3

ν ∼ 105 ñì2/c =⇒ tν ∼ (1013)2/105 ñ = 1021 c

×èñëî Ðåéíîëüäñà â àñòðîôèçè÷åñêèõ óñëîâèÿõ
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Ñóùåñòâîâàíèå/âîçíèêíîâåíèå òóðáóëåíòíîñòè: êîíöåïöèÿ

Ýíåðãåòè÷åñêàÿ òåîðèÿ óñòîé÷èâîñòè ðåøåíèé óðàâíåíèé Íàâüå-Ñòîêñà

ïî ìîíîãðàôèè Joseph (1980)

Ñóùåñòâóþò RE < RT < RL, òàêèå, ÷òî:

Ïðè R < RE : dE/dt < 0 ∀t > 0

Ïðè RE < R < RT : lim
t→∞

E(t)/E(0)→ 0

Ïðè RT < R < RL: ∃ δ > 0, òàêîå,
÷òî åñëè E(0) < δ, òî lim

t→∞
E(t)/E(0)→ 0

Ïðè R > RL : δ → 0
Ìîíîãðàôèÿ Schmid & Henningson (2001)

Ñäâèãîâîå òå÷åíèå RE RT RL
Ïóàçåéëÿ â òðóáå 82 2000 ∞
Ïóàçåéëÿ ïëîñêîå 50 1000 5772
Êóýòòà ïëîñêîå 21 360 ∞
*Çàäà÷à Áåííàðà, Ra = 1700 1700 1700
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Ñóùåñòâîâàíèå/âîçíèêíîâåíèå òóðáóëåíòíîñòè: êîíöåïöèÿ

Ñõåìà äîêðèòè÷åñêîé áèôóðêàöèè â òóðáóëåíòíîñòü

Baggett & Trefethen (1997)
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Óðàâíåíèÿ äëÿ âîçìóùåíèé

Íàêëàäûâàåì ýéëåðîâû âîçìóùåíèÿ:
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Âèõðåâûå âîçìóùåíèÿ îòäåëÿþòñÿ äèíàìè÷åñêè â ïðåäåëå:
λr � h (r dΩ/dr ∼ Ω), u � cs è λr/tev � cs
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Óðàâíåíèå Ðåéíîëüäñà-Îððà

Äëÿ âèõðåâûõ âîçìóùåíèé:
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Äëÿ ëþáûõ ïðîñòðàíñòâåííî ëîêàëèçîâàííûõ âîçìóùåíèé:
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(Ė/E) äèêòóåòñÿ (ëèíåéíîé) äèíàìèêîé ìàëûõ âîçìóùåíèé

Henningson & Reddy (1994)
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Ìàëûå âîçìóùåíèÿ: ñïåêòðàëüíàÿ çàäà÷à

Ïåðåõîä ê ôóðüå-ãàðìîíèêàì:

u = û e−i(ωt−mϕ−kz z), w = ŵ e−i(ωt−mϕ−kz z)

Â ñëó÷àå èäåàëüíîé æèäêîñòè ñèñòåìà
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d(r ûr )

dr
+

im
r

ûϕ + ikz ûz = 0

ïðèâîäèò ê óðàâíåíèþ:

(ω−mΩ)
d
dr

(
s
r

dψ̂
dr

)
+

[
d
dr

(
ms
r2

1
r

d
dr

(Ωr2)

)
+

2Ωk2
z

ω −mΩ

s
r

1
r

d
dr

(Ωr2) +
mΩ− ω

r

]
ψ̂ = 0,

ãäå ψ̂ =
r ûr
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ìîíîãðàôèÿ Drazin & Reid

Îòñóòñòâèå îáùåãî êðèòåðèÿ íåóñòîé÷èâîñòè ïîòîêà Howard & Gupta (1962)
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Ñïåêòðàëüíàÿ çàäà÷à: ëîêàëüíûé ïðåäåë
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Îáçîð Balbus (2003)

κ2 ≡
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r
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(Ωr2) êâ-ò ýïèöèêëè÷åñêîé ÷àñòîòû (èíà÷å: äèñêðèìèíàíò Ðýëåÿ)

Óñòîé÷èâîñòü/íåóñòîé÷èâîñòü ïðè κ2 > 0 (κ2 < 0): êðèòåðèé Ðýëåÿ
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Ñïåêòðàëüíàÿ çàäà÷à: èíåðöèîííûé ïðåäåë

Â äëèííîâîëíîâîì ïðåäåëå λ−1
r , kz ,m→ 0 (èíåðöèîííîå äâèæåíèå):
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Óñòîé÷èâîñòü/íåóñòîé÷èâîñòü ïðè κ2 > 0 (κ2 < 0): êðèòåðèé Ðýëåÿ
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Îñåñèììåòðè÷íûå âîçìóùåíèÿ: êðèòåðèé Ðýëåÿ
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κ2ψ̂ = 0, (∗)

+ ãðàíè÷íûå óñëîâèÿ ïî r

Èäåíòè÷íîñòü ñïåêòðàëüíîé çàäà÷å íà âèõðåâûå âîçìóùåíèÿ
ñòðàòèôèöèðîâàííîé æèäêîñòè, ïîêîÿùåéñÿ â ïîëå ñèëû òÿæåñòè
(Rayleigh 1916): κ2 ⇐⇒ −gz (∂zρ/ρ) ≡ N2

Èäåíòè÷íîñòü çàäà÷å Øòóðìà-Ëèóâèëëÿ íà îòðåçêå äëÿ øèðîêîãî êëàññà
ãðàíè÷íûõ óñëîâèé: κ2 > 0 =⇒ ω2

k > 0 (Synge 1933). Ñïðàâåäëèâîñòü
âûâîäà ñ ó÷åòîì âÿçêîñòè (Synge 1938)

Ïðîñòàÿ ïðîâåðêà:
∫

(∗) × ψ̂∗ dr ñ óñëîâèåì ψ̂ → 0 íà ãðàíèöàõ
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Îñåñèììåòðè÷íûå âîçìóùåíèÿ: êðèòåðèé Ðýëåÿ

Â îñåñèììåòðè÷íîì âîçìóùåííîì òå÷åíèè:
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Ñïåêòð îñåñèììåòðè÷íûõ âîçìóùåíèé ñ ó÷åòîì âÿçêîñòè:
íåéòðàëüíàÿ ëèíèÿ

Òå÷åíèå Òýéëîðà-Êóýòòà: çàäà÷à Òåéëîðà (1923)

Ó÷åò âÿçêîñòè â ñëó÷àå ìàëîãî çàçîðà ìåæäó öèëèíäðàìè

Èç ìîíîãðàôèè C.C. Lin (1955)
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Íåîñåñèììåòðè÷íûå äâóìåðíûå âîçìóùåíèÿ. Òåîðåìà Ðýëåÿ

Óðàâíåíèå Ðýëåÿ
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(∗) × ψ̂∗ dr ñ óñëîâèåì ψ̂ → 0 íà ãðàíèöàõ äàåò: *N.B.: ïðàâèëî Ëèíÿ
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Íåîñåñèììåòðè÷íûå äâóìåðíûå âîçìóùåíèÿ. Òåîðåìà Ðýëåÿ

Óòî÷íåíèå Ôü¼ðòîôòà (1950)
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Òå÷åíèå Òýéëîðà-Êóýòòà: ïîëíîå ðåøåíèå ñïåêòðàëüíîé çàäà÷è

Ëèíåéíàÿ óñòîé÷èâîñòü öåíòðîáåæíî-óñòîé÷èâîãî ïîòîêà

Íåîñåñèììåòðè÷íûå òðåõìåðíûå âîçìóùåíèÿ

∝ exp(λt)

Ω1 = 0

Ω2rod/ν = 5000

Ê ñðàâíåíèþ: ïëîñêîå òå÷åíèå Êóýòòà

Gebhardt & Grossman (1993)

∝ exp(−ict)

Èç ìîíîãðàôèè Schmid & Henningson (2001)
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Òå÷åíèå Òýéëîðà-Êóýòòà: ëèíåéíî-óñòîé÷èâûå ðåæèìû

Êâàçè-êåïëåðîâñêèé ðåæèì
(âñåâîçìîæíûå ãàçîâûå äèñêè)

d(Ωr2)

dr
> 0,

dΩ

dr
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Öèêëîíè÷åñêèé ðåæèì
(ïîãðàíè÷íûå ñëîè âîêðóã çâåçä)

d(Ωr2)

dr
> 0,

dΩ

dr
> 0

Ji & Goodman (2023)

Îáçîðû î ëàáîðàòîðíûõ è ÷èñëåííûõ ýêñïåðèìåíòàõ ïî èññëåäîâàíèþ/ïîèñêó
íåëèíåéíîé íåóñòîé÷èâîñòè â ýòèõ ðåæèìàõ:

Grossman et al. (2016) Fromang & Lesur (2017)
Ji & Goodman (2023) Feldmann et al. (2023)
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