ﬂl’IH&MHK& BOBMYHIGHHfI BO BpallaTe/JIbHOM TCYECHUN!:

0000IIeHHBII TOIXOT
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ITo o630pam:

Farrell & Ioannou (1996) Schmid (2007)
Razdoburdin & Zhuravlev (2015)

W3 Teopun JuHEHHBIX 0NIEepPATOPOB

Hydrodynamic Stability Without Eigenvalues

Lloyd N. Trefethen, Anne E. Trefethen, Satish C. Reddy, Tobin A. Driscoll

(in Science, 1993)
o Hopwma omneparopa:

x(t) = Zx(0)

Zx
121 = max 12X
I
0 CHekTpaJIbHOE Pa3JIozKeHHe OIepaTopa;:

ZX = XP

— Z=XPX ' —
o JI1s HOpMAJIBHOTO OIEpATOpa:

1211 < [IXIHIPYX ]
XXt =1 [1X]] = 1

=

= |2l < ||P|| = Slemadt
o Jlns HEHOPMAJIBHOrO omeparopa - Tpebyercs 3naxue o X
]

]
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Q q:f1+f2

o |fy] = fe~mt
Ifo| = fe= 2!

o Ilyctb cosy = —1 + ¢,

e, 11>

97 4002

D¢ dherT HeOPTOroHAJBHOCTH COOCTBEHHBIX BEKTODOB

HA IPOCTOM IeOMETPHUYECKOM IIPUMepe

®akTop pocta gepe3 At ~~ .

1

o
()2 et pe—2ml 4 pe~(ntrlcoseyy e 22! ]
- 2 (1 + cos ) ¥ 7
«0>» «F>» « > « » Q>
- BagawaKomm



O6001TIeHHbIN AHAJIH3 IAHAMIKA MAJIBIX BO3MYIIEHHH:
HEMOAJbHBIA ITOAX0T

CI/IHFyJIHpHI)Ie qHUCJIa 1 BEKTOPDBL

U 1 V - JIeBBIHl U IpaBBI CUHTYJISIPHBIE

Zv = . 5
ou (Zx,y) = (x,Zty) BEKTOPA C €JUHUIHON HOPMOiA
Z'u=ov 0 - X CHHTYJSIPHOE YUCJIO

Csoticrsa oneparopos ZZ7 u Z1Z

o CaMOCONPSKEHHOCTh:
2zt = ("2t =2zt u (Z'2)! = 22" =2z
o IlosoxkuTeIbHO OIIpeJeJIEHHOCTDb:
(f,zsz) - (sz, sz) >0 u (f, zTZf) =(Z1,2f) >0
o BerlecTBeHHOCTD 0':
Zf (zv) = 2 (ou) = 6Zfu = o%v
= HZH:maxa:mJ

z (ZTu) =Z(oV) = 0Zv = o°u

Banaua Komn



IIouCK CHHIYJISPHBIX YHUCEJ ¥ BEKTOPOB: MATPUYHBIH METOZ,

o EcTb cucreMa cOOGCTBEHHBIX BEKTOPOB W 3Ha4YeHUi Z:

{f1,f2...fn} u {eTiwnt gmiwal  o—iwnty
o PaccmarpuBaeTcss pocT BEKTOPA
N N
q= Z K/t [IPU U3BECTHOM llqll? = Z ninjl\/l,-/-, rre M; = (fi. 1)
i=1 i,j=1
o I3 ompeneseHust:
ZV=UY, rme Z=diag{e Wil e7w2l e7lWnl} ¥ — diag{sy,0s...0n}
o Pasnoxenne XoJenKoro: M = F'F
VIFIFV =1 (FV)T(FV) =1
UTFTFU =1 (FU)(FU) =1
o SVD-pasnoxkenue:
Z=UxV-' =F 'FUXV'FIF

= FZF ! = (FU)x (FV)t
]

=} =
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IlouckK CHHTYASAPHBIX 9HCEJ U BEKTOPOB: METOJ HPSIMBIX UTEPAIuit

o0
o Tlyers q(0) = 3 qyVk, rae ZTZvy = a/% Vi
k=1

o Tockosexy ZTZq(0) = i aquvk,
k=1
ZiZqn(0)
0) = Z'Zq,(0 2
G (0) = ZZ e v [21Zan0)] - of

npu

n— oo
Hetictere Z Ha ((0) ecTh HHTErpHPOBAHHIE

aq
99 _ A
ot

BIEpET 0 BpeMeHu
Heiictere ZT na q(t) ects urTErpEpoBaHIe

o]
6—? = _Aqu Haza a0 Bpemenn 0
o [ =
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BapI/IaHI/IOHHaﬂ 3a44a49a HA TPAH3UEHTHBIC BO3MYIICHUNA

2
(@) Jawl

ooz — [ (@d—A(q)q)dr
lla(0)I[2 0/

40(0)
”q ( )” qn(T) = eAan(O)

~n 0 “ ~n 0

Gn+1(0) = g (T)IIZ (0)

én(O) = eAqu,,(T)

- - 4u(T)
4u(T) =2
’ llga(0)I
«40)>» «4F)>»r «=>» « > Q>
- zBagawaKomm



IIpumMep: TpaH3MEHTHBIN POCT JIMHEHHBIX BO3MYyIeHui B Tedyenuu Taitnopa-Kysrra

0 Kombunanus COOCTBEHHBIX
BEKTOPOB CIEKTPaJIbHOMN
3aJa4u

x exp(imy + ikz 2)

o R= |Qg - Q1|d2/l/ = 8000
o OnTumwusarus mo Vt, m, Kk,
o KBasu-gByMepHBIE PeIIeHus

0 Gmax < R2/3

Optimal perturbation energy ||||,,my,(t)||2
S &
—

35F

30F

g
N/

\

e

\

\

1 A

Ry =—2.0
Rq =2.0
Rq =08

—a
—
oo

8

0.0 0.2

3eseHas u mypIypHAs KPHUBLIE:

0.4 0.6
Normalized viscous time ¢/7,

KBA3U-KEMJIEPOBCKUH U ITUKJIOHUYIECKHH
PEeKUMBI

Maretzke et al. (2014)
- -
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Jlokanmbhas 3amaua: shearing sheet approximation

our our uf, ow
— +Q— —2QU,+(uV)ur — = =—— +N;,
ot o, UVt == ar
Ouy, ou, 1d uru, 10w
=L 40— + — = (Qr¥)u~+(uV)u L —_—Z— 4N,
ot T, T OurtuVive + = rog T
8Uz aUz

ow
— 4+ Q— Vuz = —— + N,
ot + g +(uV)uz oz + Nz,

Vo) | Tou, | ou
r or r dp = 8z

MN~XSEr—r < Q:i’TQ x:7q§20£<<§20, Qx=0)=0
Ap ~y =1o(p —Qot) < 1o %1 fo
Ae~vz=z—2z9<K h q=—(r/Q)(dQ/dr)|r=r,
Bpamerne ¢ Qg = Q(rg)

~ X/\ ocTaBiseM, ~ X/Iy W BBIIIE - OILyCKAeM

K2 aQ X qQ X
—— =20 —r— =2q9Q— g+ x)— =3q9Q— Q
20 ar CIor0+(0+)r0 QOrO+QO

Beogum cuny Kopuosuca: 2Qquyex + 2Qpuxey
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Jlokanmbhas 3amaua: shearing sheet approximation

Goldreich & Lynden-Bell (1965)

Umurhan & Regev (2004}, Latter & Papaloizou (2017)

o 16) ow
= — gQox— —20 =—— 2
(81‘ q "Xay) Ux oUy+(uV)uy ox + vV=euy,
0 1o} ow
— — gQx— | uy + (2 — @)Qux+UV)uy = —— + vV2uy,
(at CIoay) y + (2 — q)Qux+(uV)uy 8y+y y
o) 16) ow
= — qQoX— | Uz+(UV)uz = —— + VU,
(6t Qqilo ay) z+( ) Iz oz + v 2
dux | oy | our g
ox 9y 0z
B B B , 2 2 o2
uvV)=ur— +uy— + u—, Ve=—S+—5+-—=
uv) r6x+ y8y+ ‘oz 8x2+8y2+az2
I[Ipu nepexozne K Ge3pa3sMepHLIM BeauduHaM v — R~ = 1//()\290)
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OcTanoBuM BpallleHne, HO OCTABUM CABHUT CKopoctn: o — 0, |g] — oo

Boswmymenus, ne 3aBucmye oT IOTOKOBOH KoopauHaTel, Oy = 0:

Auy ow

at — ox’ Jlna BexkTopa
CMeIeHni:

% + de Uy = O, 2

ot dx P8 _ou

ou; __ow ot

o = oz’ P |

Oux n ouz 0 ox 0z

ox = 9z

B meorpanmuenHoii obnacti: V2w =0 = w = const = uy = const

Lift-up effect: remepanus posIaMu TPOXKUIOK

au
dxy Uxt Ellingsen & Palm (1975)

Uy = Uylt—0 —

C yaerom BsiskocTH (bakTop pocta ~ R2
Butler & Farrell (1992) Trefethen et al. (1993)

u]
]
1
n
[
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O IIJIOCKO-IIapaJljIeJIbHOM IIOTOKE

JlaboparopHble HABIIOAEHUS TPOKUIOK

IIpumep: TypOymeHTHBIN IOTPDAHUYHBIN CJIOH Cantwell et al. (1978)

Banaua Komn



O IIJIOCKO-IIapaJljIeJIbHOM IIOTOKE

Crenapwuii reHepanuu TypOyJIeHTHOCTH

IIpumep: maockoe — _Y,

Teuenue Kysrra :

q ?_., Z{anmmr pmﬂ -
HUCJIEHHBIU U ]

SKCIEPUMEHT < s %

Hamilton et al. (1995)

- spanwise

Loh

o CayuaifHble HAYaJbHBIE YCIOBUs, BbICOKOe R > Rt
o Ilocnenyromee ogHoBpemennoe ymenbmenne R, Ly, Ly

0 BBIX0s Ha KBA3UNEPHOJMUECKU [[MKJI PEreHepaIliu IPOXKUIOK (streaks)
R=Uh/v =400, Ly =175 h, Ly =2h, L =12wh

o Ilepuoxn nukna Treg ~ 100h/U

o HpO}KI/IJIKI/I COOTBeTCTByIOT OIITUMAJIBHBIM BO3MyH_[eHI/IHM
[ BpeMeHH pocTa ~ Treg (Butler & Farrell 1992)

Banaua Komn

v — wall normal

x — streamwise



O IIJIOCKO-IIapaJljIeJIbHOM IIOTOKE

CreHapuii reHepanuu TypOyJIeHTHOCTH

M(ma, np)

Hamilton et al. (1995)
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O IIJIOCKO-IIapaJljIeJIbHOM IIOTOKE

CreHapwuii reHepanuu TypOyJIeHTHOCTH

Waleffe (1997)

Streaks

advection of m:tab:lxty of
mean shear Uly,z)

Streamwise exp (: ax)
vortices mode

nonlinear
self-interaction

TToarBepkaaONIUil AHAJIN3 B HEJIMHEHHBIX
MOHEJIAX MAJIOH Pa3MEepPHOCTH
Baggett & Trefethen (1997)

Rincon et al. (2008) —

Fr’ngg
q

Transition in shear flows. Nonlinear normality versus non-normal linearity
Fabian Walefle
Deparment of Mathemarics, Massachuses Insiue of Technology, Cambridse, Massachusers 02159
(Received 24 April 1995; accepted 29 August 1995)
growth as the key 10 understanding ransiton to urbulence in shear lows. The focus s in particular
on a simple mode] [Baggett e al., Phys. Fluids 7, 883 (1995)] llustrating that view. I is argued that
the question of transiton is really & question of existerce and basin of attraction of nonlinear
Self-sustaining solutions that have. lmle contact with the nor-normal linear problem. An alternative.
nonlineas point of view [Hamilto 3. Flid Mech. 287, 317 (1995)] that seeks o isolate 2
SO Susaiing noninear proees nd o il Reynolds e below wich  seaes 1 ot
is discussed and iflusirated by a simple model. Connections with the Navier—Stokes eguations and
observations are highiighicd throughout. © 1995 American Instaue of Physics.

Juckyccust 0 posiu JIMHeHHBIX U
HEJINHEHHBIX MEXAHU3MOB

N.B.: gna sraouenna SSP TP neobxomum,
npudeM € Gmax > 1

Anticyclonic Cyclonic
2 WTV
= o | Linearly unstable
5 E \ i
] 5 TV \ Nonlinearly
5 ‘B unstable
E] B 4 oo
3 2 /i gssp
‘'WTV
| >
l [
—4/3 -1 0 Ba
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JIoKaIbHBIH aHAJIOT ITUKJIOHMYECKOTO IOTOKA

JlabopaTopHBbI# IKIEPUMEHT C
BpalieHneM KIOBEThI

Yucnennsiii sknepuMenT B shearing sheet 4 : :

approximation ¢ mepuoaMYeCKUMU

TPAHUYHBIMHA YCJIOBUAMU 350 ° |
5 T T A T A4
s
g o : 3k i
20000 FD64 g - °
=}
-
x 2,51 i
30000 i - °
[}
& A o o
20000 4 2 ° 4
°
10000 s E 1,55 i
A9
O A
£S
0 0l 1 02 0‘,3 04 1 L I L |
Ry 0 0,02 0,04 0,06 0,08 0,1

Ra
Lesur & Longaretti (2005)
Tillmark & Alfredsson (1996)
in ”Advances in Turbulence VI”
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Hennneitnas ycToMIMBOCTE KBa3U-KEIJIEPOBCKOTO MTOTOKA

IIpumep: TpaH3UEHTHBIH POCT JTUHEHHBIX BO3MYIEHMH
B IIJIOCKO-TIIaPaJIJIEIbHOM IIOTOKE C BPAILEHUEM

Yecko (2004)

o Kombunanus cobCTBEHHBIX
BEKTOPOB CIEKTPATHLHOMN
3303491

o exp(iky y + ikz Z)

o R= Uh/v =1500

o Ontumuszanus mo Vi

o Puc. (a): gmax o< R?
Rq = —4/3 Puc. (b): gmax x R2/3
o Onrumasbroe Ky — 0

B KEILICPOBCKOM IIOTOKE
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Yucaennsle u sabopaToOpHble SKCIEPUMEHTHI ¢ TedernueM Taisopa-Kysrra

Table 1. i and modeling of lic TC flow in quasi-keplerian regimes.
Year Author(s) Main results in the quasi-keplerian regime Method
1933 Wendt [13] Limited measurements of velocity profile and Exp
torque. No turbulence reported.
2001 Richard [8] Measured velocity profile affected by endcaps; Exp
turbulence identified by flow visualization.
2002  Beckley [24] Measured torque consistent with theoretical ~Exp

predictions for laminar Ekman circulation

2004 Kageyama etal. [25] Measured velocity profile and spin-down time Exp and
consistent with laminar Ekman circulation modeling

2006 Jietal.[26,27] No signs of turbulence at Re=2x 10 with Exp
differentially rotating segmented endcaps

2008  Obabko et al. [28] Confirmed reduction of Ekman cells via segmented =~ Modeling
endcaps.

2011  Paoletti etal. [29,30] Measured enhancement of torque over laminar Exp
flow; endcaps attached to outer cylinder

2012 Avila[31] Up to Re=6.4 x 10%; bulk flow turbulence driven Modeling
by segmented endcap rings
2014 Edlund & Ji [32] No turbulence despite active perturbations; one Exp

endcap ring and two radial rims

2015 Nordsiek etal. [33]  Enhanced torque due to axial transport of angular ~ Exp
momentum to endcaps

2015 Edlund & Ji [34] Confirmed Re self-similarity of the quiescent flow  Exp
when Ekman circulation is minimized

2017 Lopez & Avila[35]  Up to Re~5x 10% turbulence confined near Modeling
endcaps, bulk flow laminar

Ji & Goodman (2023)
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. Lesur & Longarettii (2005)
Lopez & Avila (2017)

Yucnenusi#t sxuepument B shearing sheet

BropuuHnas nupKynamnums approximation ¢ nmepuoguYeCKUMU I'DAHUYHBIMU

DKMaHA YCIIOBUSMU
T T T T T
80000 | 1
A 3
X ol
+ 18,
v
— 4502.39+exp(-181.183+185.636%%)
60000~ 475741 ;’;gcll*(x-l]:S Pt a
&
400001 Ry=-1016 R=1.024
A v,
20000 7
Balbus (2017)
Fluid dynamicists, note there is a grand challenge problem here. All indicators
R, = 32180

seem to imply that large Reynolds number gK flow is truly nonlinearly stable. Can
this be proven analytically? What valuable insights might emerge by even a partially
successful attempt to do so?

[m} =) =
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