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Îáîáùåííûé àíàëèç äèíàìèêè ìàëûõ âîçìóùåíèé:

íåìîäàëüíûé ïîäõîä

Ïî îáçîðàì: Farrell & Ioannou (1996) Schmid (2007)
Razdoburdin & Zhuravlev (2015)

Èç òåîðèè ëèíåéíûõ îïåðàòîðîâ

(in Science, 1993)

Íîðìà îïåðàòîðà:

x(t) = Z x(0) ||Z|| = max
||Zx||
||x||

Ñïåêòðàëüíîå ðàçëîæåíèå îïåðàòîðà:

ZX = XP =⇒ Z = XPX−1 =⇒ ||Z|| ≤ ||X|| ||P|| ||X−1||

Äëÿ íîðìàëüíîãî îïåðàòîðà:

XX† = I =⇒ ||X|| = 1 =⇒ ||Z|| ≤ ||P|| = e=[ωmax ] t

Äëÿ íåíîðìàëüíîãî îïåðàòîðà - òðåáóåòñÿ çíàíèå î X
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Îáîáùåííûé àíàëèç äèíàìèêè ìàëûõ âîçìóùåíèé:

íåìîäàëüíûé ïîäõîä

Ýôôåêò íåîðòîãîíàëüíîñòè ñîáñòâåííûõ âåêòîðîâ
íà ïðîñòîì ãåîìåòðè÷åñêîì ïðèìåðå

q = f1 + f2

|f1| = f e−γ1t

|f2| = f e−γ2t

Ïóñòü cosψ ≈ −1 + ε,
ε� 1, γ1 � γ2

Ôàêòîð ðîñòà ÷åðåç ∆t ' γ−1
1

g =
q(t)2

q(0)2
=

e−2γ1t + e−2γ2t + 2 e−(γ1+γ2)t cosψ

2 (1 + cosψ)
≈

e−2γ2t

2ε
� 1
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Îáîáùåííûé àíàëèç äèíàìèêè ìàëûõ âîçìóùåíèé:

íåìîäàëüíûé ïîäõîä

Ñèíãóëÿðíûå ÷èñëà è âåêòîðû

Zv = σu

Z†u = σv
(Zx, y) = (x,Z†y)

u è v - ëåâûé è ïðàâûé ñèíãóëÿðíûå
âåêòîðà ñ åäèíè÷íîé íîðìîé
σ - èõ ñèíãóëÿðíîå ÷èñëî

Ñâîéñòâà îïåðàòîðîâ ZZ† è Z†Z

Ñàìîñîïðÿæåííîñòü:

(ZZ†)† = (Z†)†Z† = ZZ† è (Z†Z)† = Z†(Z†)† = Z†Z

Ïîëîæèòåëüíî îïðåäåëåííîñòü:(
f,ZZ†f

)
=
(

Z†f,Z†f
)
> 0 è

(
f,Z†Zf

)
= (Zf,Zf) > 0

Âåùåñòâåííîñòü σ:

Z† (Zv) = Z† (σu) = σZ†u = σ2v

Z
(

Z†u
)

= Z (σv) = σZv = σ2u
=⇒ ||Z|| = maxσ = σ1
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Îáîáùåííûé àíàëèç äèíàìèêè ìàëûõ âîçìóùåíèé:

íåìîäàëüíûé ïîäõîä

Ïîèñê ñèíãóëÿðíûõ ÷èñåë è âåêòîðîâ: ìàòðè÷íûé ìåòîä

Åñòü ñèñòåìà ñîáñòâåííûõ âåêòîðîâ è çíà÷åíèé Z:

{f1, f2...fN} è {e−iω1t , e−iω2t ...e−iωN t}

Ðàññìàòðèâàåòñÿ ðîñò âåêòîðà

q =
N∑

i=1

κi fi ïðè èçâåñòíîì ||q||2 =
N∑

i,j=1

κiκj Mij , ãäå Mij =
(
fi , fj

)
Èç îïðåäåëåíèÿ:

Z V = U Σ, ãäå Z = diag{e−iω1t , e−iω2t ...e−iωN t}, Σ = diag{σ1, σ2...σN}

Ðàçëîæåíèå Õîëåöêîãî: M = F†F

V†F†FV = I

U†F†FU = I

(FV)†(FV) = I

(FU)†(FU) = I

SVD-ðàçëîæåíèå:

Z = U ΣV−1 = F−1FU ΣV†F†F =⇒ F Z F−1 = (FU) Σ (FV)†
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Îáîáùåííûé àíàëèç äèíàìèêè ìàëûõ âîçìóùåíèé:

íåìîäàëüíûé ïîäõîä

Ïîèñê ñèíãóëÿðíûõ ÷èñåë è âåêòîðîâ: ìåòîä ïðÿìûõ èòåðàöèé

Ïóñòü q(0) =
∞∑

k=1
qk vk , ãäå Z†Z vk = σ2

k vk

Ïîñêîëüêó Z†Z q(0) =
∞∑

k=1
σ2

k qk vk ,

qn+1(0) =
Z†Z qn(0)

||Z†Z qn(0)||
→ v1 è ||Z†Z qn(0)|| → σ2

1 ïðè n→∞

Äåéñòâèå Z íà q(0) åñòü èíòåãðèðîâàíèå

∂q
∂t

= Aq âïåðåä äî âðåìåíè t

Äåéñòâèå Z† íà q(t) åñòü èíòåãðèðîâàíèå

∂q
∂t

= −A†q íàçàä äî âðåìåíè 0
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Îáîáùåííûé àíàëèç äèíàìèêè ìàëûõ âîçìóùåíèé:

íåìîäàëüíûé ïîäõîä

Âàðèàöèîííàÿ çàäà÷à íà òðàíçèåíòíûå âîçìóùåíèÿ

L (q, q̃) =
||q(t)||2

||q(0)||2
−

t∫
0

(q̃, q̇− A(q)q) dτ
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Îáîáùåííûé àíàëèç äèíàìèêè ìàëûõ âîçìóùåíèé:

íåìîäàëüíûé ïîäõîä

Ïðèìåð: òðàíçèåíòíûé ðîñò ëèíåéíûõ âîçìóùåíèé â òå÷åíèè Òýéëîðà-Êóýòòà

Êîìáèíàöèÿ ñîáñòâåííûõ
âåêòîðîâ ñïåêòðàëüíîé
çàäà÷è

∝ exp(imϕ+ ikz z)

R ≡ |Ω2 − Ω1|d2/ν = 8000

Îïòèìèçàöèÿ ïî ∀ t ,m, kz

Êâàçè-äâóìåðíûå ðåøåíèÿ

gmax ∝ R2/3
Çåëåíàÿ è ïóðïóðíàÿ êðèâûå:

êâàçè-êåïëåðîâñêèé è öèêëîíè÷åñêèé
ðåæèìû

Maretzke et al. (2014)
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Ëîêàëüíàÿ çàäà÷à: shearing sheet approximation

∂ur

∂t
+ Ω

∂ur

∂ϕ
− 2Ωuϕ+(u∇)ur −

u2
ϕ

r
= −

∂w
∂r

+ Nr ,

∂uϕ
∂t

+ Ω
∂uϕ
∂ϕ

+
1
r

d
dr

(Ωr2)ur +(u∇)uϕ +
ur uϕ

r
= −

1
r
∂w
∂ϕ

+ Nϕ,

∂uz

∂t
+ Ω

∂uz

∂ϕ
+(u∇)uz = −

∂w
∂z

+ Nz ,

1
r
∂(rur )

∂r
+

1
r
∂uϕ
∂ϕ

+
∂uz

∂z
= 0

λr ∼ x ≡ r − r0 � r0

λϕ ∼ y ≡ r0(ϕ− Ω0t)� r0

λz ∼ z ≡ z − z0 � h

Âðàùåíèå ñ Ω0 ≡ Ω(r0)

Ω =
dΩ

dx

∣∣∣∣∣
r0

x = −qΩ0
x
r0
� Ω0, Ω(x = 0) = 0

q ≡ −(r/Ω)(dΩ/dr)|r=r0

∼ x/λ îñòàâëÿåì, ∼ x/r0 è âûøå - îïóñêàåì

−
κ2

2Ω
= −2Ω− r

dΩ

dr
= 2qΩ0

x
r0

+ (r0 + x)
qΩ0

r0
= 3qΩ0

x
r0

+ qΩ0

Ââîäèì ñèëó Êîðèîëèñà: −2Ω0uy ex + 2Ω0ux ey

Çàäà÷à Êîøè



Ëîêàëüíàÿ çàäà÷à: shearing sheet approximation

Goldreich & Lynden-Bell (1965)

Umurhan & Regev (2004), Latter & Papaloizou (2017)

(
∂

∂t
− qΩ0x

∂

∂y

)
ux − 2Ω0uy +(u∇)ux = −

∂w
∂x

+ ν∇2ux ,(
∂

∂t
− qΩ0x

∂

∂y

)
uy + (2− q)Ω0ux +(u∇)uy = −

∂w
∂y

+ ν∇2uy ,(
∂

∂t
− qΩ0x

∂

∂y

)
uz +(u∇)uz = −

∂w
∂z

+ ν∇2uz ,

∂ux

∂x
+
∂uy

∂y
+
∂uz

∂z
= 0

(u∇) ≡ ur
∂

∂x
+ uy

∂

∂y
+ uz

∂

∂z
, ∇2 =

∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

Ïðè ïåðåõîäå ê áåçðàçìåðíûì âåëè÷èíàì ν → R−1 ≡ ν/(λ2Ω0)
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Î ïëîñêî-ïàðàëëåëüíîì ïîòîêå

Îñòàíîâèì âðàùåíèå, íî îñòàâèì ñäâèã ñêîðîñòè: Ω0 → 0, |q| → ∞

Âîçìóùåíèÿ, íå çàâèñÿùèå îò ïîòîêîâîé êîîðäèíàòû, ∂y = 0:

∂ux

∂t
= −

∂w
∂x

,

∂uy

∂t
+

dUy

dx
ux = 0,

∂uz

∂t
= −

∂w
∂z

,

∂ux

∂x
+
∂uz

∂z
= 0

Äëÿ âåêòîðà
ñìåùåíèé:

∂2ξ

∂t2
= −∇w

∂ξx

∂x
+
∂ξz

∂z
= 0

Â íåîãðàíè÷åííîé îáëàñòè: ∇2w = 0 ⇒ w = const ⇒ ux = const

Lift-up e�ect: ãåíåðàöèÿ ðîëëàìè ïðîæèëîê

uy = uy |t=0 −
dUy

dx
ux t Ellingsen & Palm (1975)

Ñ ó÷åòîì âÿçêîñòè ôàêòîð ðîñòà ∼ R2

Butler & Farrell (1992) Trefethen et al. (1993)
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Î ïëîñêî-ïàðàëëåëüíîì ïîòîêå

Ëàáîðàòîðíûå íàáëþäåíèÿ ïðîæèëîê

Ïðèìåð: òóðáóëåíòíûé ïîãðàíè÷íûé ñëîé Cantwell et al. (1978)

Çàäà÷à Êîøè



Î ïëîñêî-ïàðàëëåëüíîì ïîòîêå

Ñöåíàðèé ãåíåðàöèè òóðáóëåíòíîñòè

Ïðèìåð: ïëîñêîå
òå÷åíèå Êóýòòà

×èñëåííûé
ýêñïåðèìåíò
Hamilton et al. (1995)

Ñëó÷àéíûå íà÷àëüíûå óñëîâèÿ, âûñîêîå R > RT

Ïîñëåäóþùåå îäíîâðåìåííîå óìåíüøåíèå R, Lx , Ly

Âûõîä íà êâàçèïåðèîäè÷åñêèé öèêë ðåãåíåðàöèè ïðîæèëîê (streaks)
R ≡ Uh/ν = 400, Lx = 1.75π h, Ly = 2h, Lz = 1.2π h

Ïåðèîä öèêëà Treg ∼ 100h/U

Ïðîæèëêè ñîîòâåòñòâóþò îïòèìàëüíûì âîçìóùåíèÿì
äëÿ âðåìåíè ðîñòà ∼ Treg (Butler & Farrell 1992)
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Î ïëîñêî-ïàðàëëåëüíîì ïîòîêå

Ñöåíàðèé ãåíåðàöèè òóðáóëåíòíîñòè

Hamilton et al. (1995)
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Î ïëîñêî-ïàðàëëåëüíîì ïîòîêå

Ñöåíàðèé ãåíåðàöèè òóðáóëåíòíîñòè

Wale�e (1997)

Ïîäòâåðæäàþùèé àíàëèç â íåëèíåéíûõ
ìîäåëÿõ ìàëîé ðàçìåðíîñòè

Baggett & Trefethen (1997)

Rincon et al. (2008) =⇒

RΩ ≡ −
2
q

Äèñêóññèÿ î ðîëè ëèíåéíûõ è
íåëèíåéíûõ ìåõàíèçìîâ

N.B.: äëÿ âêëþ÷åíèÿ SSP ÒÐ íåîáõîäèì,

ïðè÷åì ñ gmax � 1
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Ïëîñêî-ïàðàëëåëüíûé ïîòîê: ñòàáèëèçàöèÿ âðàùåíèåì

Ëîêàëüíûé àíàëîã öèêëîíè÷åñêîãî ïîòîêà

×èñëåííûé ýêïåðèìåíò â shearing sheet
approximation ñ ïåðèîäè÷åñêèìè

ãðàíè÷íûìè óñëîâèÿìè

Lesur & Longaretti (2005)

Ëàáîðàòîðíûé ýêïåðèìåíò ñ
âðàùåíèåì êþâåòû

RΩ

Tillmark & Alfredsson (1996)
in �Advances in Turbulence VI�
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Íåëèíåéíàÿ óñòîé÷èâîñòü êâàçè-êåïëåðîâñêîãî ïîòîêà

Ïðèìåð: òðàíçèåíòíûé ðîñò ëèíåéíûõ âîçìóùåíèé
â ïëîñêî-ïàðàëëåëüíîì ïîòîêå ñ âðàùåíèåì

RΩ = 0

ky =⇒

RΩ = −4/3

kz

Yecko (2004)

Êîìáèíàöèÿ ñîáñòâåííûõ
âåêòîðîâ ñïåêòðàëüíîé
çàäà÷è

∝ exp(iky y + ikz z)

R ≡ Uh/ν = 1500

Îïòèìèçàöèÿ ïî ∀ t

Ðèñ. (a): gmax ∝ R2

Ðèñ. (b): gmax ∝ R2/3

Îïòèìàëüíîå kz → 0
â êåïëåðîâñêîì ïîòîêå
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Íåëèíåéíàÿ óñòîé÷èâîñòü êâàçè-êåïëåðîâñêîãî ïîòîêà

×èñëåííûå è ëàáîðàòîðíûå ýêñïåðèìåíòû ñ òå÷åíèåì Òýéëîðà-Êóýòòà

Ji & Goodman (2023)
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Íåëèíåéíàÿ óñòîé÷èâîñòü êâàçè-êåïëåðîâñêîãî ïîòîêà

Lopez & Avila (2017)

Âòîðè÷íàÿ öèðêóëÿöèÿ
Ýêìàíà

Lesur & Longarettii (2005)

×èñëåííûé ýêïåðèìåíò â shearing sheet
approximation ñ ïåðèîäè÷åñêèìè ãðàíè÷íûìè

óñëîâèÿìè

Balbus (2017)
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