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Õðîíîëîãèÿ àíàëèòè÷åñêèõ èññëåäîâàíèé

Bardeen & Petterson (1975) �
Ïåðâàÿ êîëè÷åñòâåííàÿ ìîäåëü,
äâèæåíèå êîëåö äèñêà ïîä
âîçäåéñòâèåì ãðàâèòîìàãíèòíîé
ñèëû è òðåíèÿ ìåæäó ñîáîé.
Ýôôåêò �óêëàäêè� äèñêà â
ýêâàòîðèàëüíóþ ïëîñêîñòü ÷åðíîé
äûðû.

Petterson (1977,1978)
Hatchett, Begelman & Sarazin (1981) � Ïåðâîå ðåøåíèå íüþòîíîâñêèõ
óðàâíåíèé ãèäðîäèíàìèêè, ââåäåíèå �èçãèáíîé� ñèñòåìû êîîðäèíàò.
Íàðóøåíèå çàêîíà ñîõðàíåíèÿ ìîìåíòà èìïóëüñà.

Papaloizou & Pringle (1983) � Ïåðâîå êîððåêòíîå ðåøåíèå
ãèäðîäèíàìè÷åñêîé çàäà÷è â ðàìêàõ íüþòîíîâñêîé ìåõàíèêè.
Ïîêàçàíî, ÷òî âíóòðè êîëåö èçãèáíîãî äèñêà âñåãäà íàðóøåíà è îñåâàÿ,
è çåðêàëüíàÿ ñèììåòðèÿ: ñóùåñòâóåò âîçìóùåíèå ñêîðîñòè äâèæåíèÿ
âåùåñòâà è âîçìóùåíèå ðàñïðåäåëåíèÿ ïëîòíîñòè âíóòðè íèõ.

Èçãèáíûå äèñêè



Õðîíîëîãèÿ àíàëèòè÷åñêèõ èññëåäîâàíèé

Papaloizou & Lin (1995) � Èçãèáíûå âîëíû â íüþòîíîâñêîì äèñêå
ìàëîé âÿçêîñòè.

Ivanov & Illarionov (1997) � Ñòàöèîíàðíûé èçãèáíûé äèñê ìàëîé
âÿçêîñòè ñ ó÷åòîì ðåëÿòèâèñòñêèõ ïîïðàâîê ê äèíàìèêå âáëèçè ÷åðíîé
äûðû. Ðàäèàëüíûå îñöèëëÿöèè óãëà íàêëîíà êîëåö äèñêà âìåñòî
ýôôåêòà Áàðäèíà-Ïåòòåðñîíà.

Zhuravlev & Ivanov (2011) � Ðåëÿòèâèñòñêèé èçãèáíûé àêêðåöèîííûé
äèñê âîêðóã ìåäëåííî âðàùàþùåéñÿ ÷åðíîé äûðû.

Èçãèáíûå äèñêè



Ãðàâèòîìàãíèòíàÿ ñèëà

r̈ = g + [ṙ× H]
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Äèôôåðåíöèàëüíàÿ ïðåöåññèÿ Ëåíçå-Òèððèíãà

β
γ

ψ

x

x’

A
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y

z

β = const
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Ðàäèàëüíàÿ ïðîåêöèÿ ãðàäèåíòà äàâëåíèÿ

β = const :

∂r p
∂ξp
≈ rβγ′ cosψ

Â îáùåì ñëó÷àå:

∂r p
∂ξp
≈ rβγ′ cosψ − rβ′ sinψ

Óðàâíåíèå ãèäðîñòàòè÷åñêîãî ðàâíîâåñèÿ:

∂ξp
ρ
≈ −Ω2ξ

∂r p ÿâëÿåòñÿ äðàéâåðîì âîçìóùåíèé âíóòðè íàêëîíåííîãî êîëüöà
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Ëèíèè òîêà âåùåñòâà âíóòðè íàêëîíåííîãî êîëüöà

Èíòåíñèâíîñòü ýïèöèêëè÷åñêîãî äâèæåíèÿ ðàñòåò ∝ ξ:

x

Ýéëåðîâû âîçìóùåíèÿ ñêîðîñòè äâèæåíèÿ ãàçà:

vr ∝ ξ,

vψ ∝ ξ

Ïðèâîäÿò ê âîçíèêíîâåíèþ ñïåöèôè÷åñêîé âÿçêîé ñèëû
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Ëèíèè òîêà âåùåñòâà âíóòðè íàêëîíåííîãî êîëüöà
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Âðàùàòåëüíàÿ äèíàìèêà íàêëîíåííîãî êîëüöà

Â èçãèáíîì äèñêå ñ β = const :

Tg

gm

g

gm

g

g

gm

gm

g

Fgm è Tgm - ãðàâèòîìàãíèòíàÿ ñèëà è åå ìîìåíò.
Fg è Tg - öåíòðàëüíàÿ ãðàâèòàöèîííàÿ ñèëà è åå ìîìåíò.
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Êîðèîëèñîâî óñêîðåíèå âåùåñòâà â íàêëîíåííîì êîëüöå

Âàðèàöèÿ β Âàðèàöèÿ γ

−2Uψβ̇ cosψ −2Uψβγ̇ sinψ
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Óðàâíåíèÿ èçãèáíîé äèíàìèêè àêêðåöèîííîãî äèñêà

v̇r + Ω∂ψvr − 2Ωvψ = rW
∂ξp
ρ

+
1
ρ
∂ξ(η∂ξvr )

v̇ψ + Ω∂ψvψ +
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1
r
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ρ

r
∂ψvψ = 0

2ρUψ ∂ψU = −ρ1∂ξΦ + ρfξ

W ≡ β′ sinψ − βγ′ cosψ

U ≡ β̇ sinψ − βγ̇ cosψ

∂ξp
ρ

= −∂ξΦ = −Ω2ξ η ≡ ρν, ãäå ν ≡ αc2
s Ω−1
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Óðàâíåíèÿ â êîìïëåêñíûõ àìïëèòóäàõ

1) Ïîäñòàíîâêà ψ = ϕ− γ:

Z ≡ Ψ1 sinϕ−Ψ2 cosϕ

Ψ1 ≡ β cos γ = −ly Ψ2 ≡ β sin γ = lx

l - åäèíè÷íûé âåêòîð îðèåíòàöèè êîëüöà äèñêà W ≡ Ψ1 + iΨ2 = βeiγ

U = Ż W = Z ′

2) ×àñòíûé ñëó÷àé èçîòåðìè÷åñêîãî ïî âåðòèêàëè äèñêà:

ρ = ρce−ξ
2/2h2

vr = ξB1 sinϕ+ ξB2 cosϕ

vψ = ξA1 sinϕ+ ξA2 cosϕ

ρ1 = ξρC1 sinϕ+ ξρC2 cosϕ
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Óðàâíåíèÿ â êîìïëåêñíûõ àìïëèòóäàõ

Ḃ− (i− α)ΩB− 2ΩA = −iΩ2rW′

Ȧ− (i− α)ΩA +
κ2

2Ω
B = 0

A ≡ A2 + iA1 B ≡ B2 + iB1

Ïîñêîëüêó r � rg , δ � 1 ⇒ tev � Ω−1, à òàêæå α� 1:

A ≈ −
i
2

B

Òîãäà ïîëó÷àåì äëÿ C ≡ C2 + iC1:

iC =
1

Ωρr1/2

(
ρr1/2B

)′

Ẇ− iΩLT W = −
C
2
ξ2Ω

r

*áàëàíñ èíòåãðàëüíûõ ìîìåíòîâ â ïðîåêöèè
íà ýêâàòîðèàëüíóþ ïëîñêîñòü ÷åðíîé äûðû
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Óðàâíåíèÿ â êîìïëåêñíûõ àìïëèòóäàõ

Âäàëè îò âíóòðåííåé ãðàíèöû:

Σν =
Ṁ
3π

= const

Òîãäà òâèñòîâîå óðàâíåíèå èìååò âèä:

Ẇ− iΩLT W =
δ2

2r
(r 2iB)′
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Óðàâíåíèÿ â êîìïëåêñíûõ àìïëèòóäàõ
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Ñòàöèîíàðíûé èçãèáíûé äèñê

Çàìåíà:

x ≡
(

GM
r c2

)1/2

� 1

Ó÷åò ýéíøòåéíîâñêîé ïðåöåññèè:

κ2

Ω2 ≈ 1− 6x2

Óðàâíåíèå Èâàíîâà-Èëëàðèîíîâà (1997):

d
dx

{(
1− 3ix2

α

)−1
dW
dx

}
+

32iαax
δ2 W = 0
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Ñòàöèîíàðíûé èçãèáíûé äèñê

Èâàíîâ-Èëëàðèîíîâ (1997)

δ = 0.1, a = 1.0

Êðèâûå 1, 2 è 3: α = 0.01, 0.1, 1.0
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Ñòàöèîíàðíûé èçãèáíûé äèñê

1) Àíàëèòè÷åñêîå ðåøåíèå äëÿ α� δ äàåò ðàäèóñ óêëàäêè äèñêà
â ýêâàòîðèàëüíóþ ïëîñêîñòü ÷åðíîé äûðû:

ralg ≈ 4
GM
c2 α2/3a2/3δ−4/3

2) Àíàëèòè÷åñêîå ðåøåíèå äëÿ α� δ äàåò ðàäèóñ îáëàñòè îñöèëëÿöèé
óãëà íàêëîíà äèñêà:

rosc ≈ 3
GM
c2 a2/5δ−4/5

3) Óñëîâèå ïåðåõîäà ìåæäó äâóìÿ ðåæèìàìè, rosc & ralg :

α . a−2/5δ4/5

4) *Ïîâåäåíèå äèñêà â ðåëÿòèâèñòñêèõ ðåæèìàõ ralg , rosc ∼ GM/c2:

Æóðàâëåâ-Èâàíîâ (2011)
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Ðàñïðîñòðàíåíèå èçãèáà ïî ïëîñêîìó äèñêó

Ðåøåíèå â âèäå èçãèáíûõ ìîä ∝ exp(−iωt + ikr)
ïðè óæå èçâåñòíûõ óñëîâèÿõ: ω � Ω, α� 1,

à òàêæå äîïîëíèòåëüíûõ íîâûõ: kr � 1, íî kh� 1.

Äèñïåðñèîííîå óðàâíåíèå:

(ω + iαΩ + Ωp)(ω + ΩLT ) =
k2h2Ω2

4

×àñòîòà ýéíøòåéíîâñêîé ïðåöåñcèè:

Ωp ≡
3
c2

(
GM
r 5

)1/2

� Ω

Èçãèáíûå äèñêè



Èçãèáíûå âîëíû

Papaloizou-Lin (1995)

Ñòðîãî íüþòîíîâñêàÿ äèíàìèêà: ΩLT = 0, Ωp = 0.

Â ïðåäåëüíîì ñëó÷àå

α� kh

ω = −i
Ω

2
± 1

2
khΩ

Èçãèáíûå äèñêè



Äèôôóçèÿ èçãèáà

Papaloizou-Pringle (1983)

Ñòðîãî íüþòîíîâñêàÿ äèíàìèêà: ΩLT = 0, Ωp = 0.
Â ïðåäåëüíîì ñëó÷àå

α� kh

ω = −iDk2

D ≡ h2Ω

4α

*êîýôôèöèåíò òóðáóëåíòíîé äèôôóçèè ∼ ν = αh2Ω� D

Ðàäèóñ óêëàäêè äèñêà â ýêâàòîðèàëüíóþ ïëîñêîñòü ÷åðíîé äûðû

ralg ≈ 4
GM
c2 α2/3a2/3δ−4/3

ñîîòâåòñòâóåò óñëîâèþ: tD = tLT
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